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ABSTRACT 


Let S denote a family of sets, tS the t-fold unions of sets in S 
and &2(S} the class of intersection graphs of S. Put 
S#(G)=inf{t:Ge2(tS)}. When S is the family of real intervals, 2(S) is 
the class of interval graphs and S# is the interval number. Our 
principal results include: 
® A readily applicable characterization of those classes of graphs of 

the form 2(S). 

® Testing GeQ2(S) can have arbitrary computational complexity. 

e Asymptotic calculations on depth-r interval number of complete graphs. 

° The devastating effect of a non-redundancy restriction on multiple 
interval representations. 

° Analysis of boundedness of S# parameters. In particular, S# is 
bounded if and only if 2(S) contains all bipartite graphs. 

¢ Asymptotic calculation of maximum value of interval number for graphs 
with given genus. 

e Calculation of the following upper bounds for the S# of planar 
graphs: For S={real intervals}, 3; for S={planar boxes}, 2; for 
S={planar line segments}, 2. 

Many results are generalized to embrace uniform hypergraphs and 


simplicial complexes. 
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“Beauty is truth, truth beauty" — that ís all 
Ye know on earth, and all ye need to know. 


John Keats, Ode on a örecian Urn 


The Mishnah states: If a fledgling bird is found within fifty cubits of 
a dovecote, it belongs to the owner of the dovecote. If it is found 
outside the limit of fifty cubits, it belongs to the person who finds 
it. 


Rabbi Jeremiah asked: If one foot of the fledgling is within fifty 
cubits, and one foot is outside it, what is the law? 


It was for this question that Rabbi Jeremiah was thrown out of the House 
of Study. 


Baba Batra 23b 
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0. PRELIMINARIES 


This chapter introduces the basic concepts and notation we employ 


in this dissertation. 
0.1 Sets, Multisets 


0.1.1 Notation. Sets are denoted by curly braces: {}. The words 
collection and family are synonymous with set and are used especially 
when the elements themselves are sets. When X is a set and k is a non- 


negative integer, (%) denotes tlie family of all k-element subsets of X 
k 


and 2% denotes the set of all subsets of X. The cardinality of X is 


denoted |X|. The symbol € indicates subset without ruling out equality. 


0.1.2 Definition. A multiset is a pair M=(X,f) where X is a set and f a 
function £:xZ*. The function f counts the number of times a given 


element is in the multiset. 


We use square brackets to denote a multiset: Mix mje) is 


the multiset (X,f) where X={x :jeJ} and fx) = m, for jeJ. 
0.2 Graphs 


0.2.1 Definition. A graph is an ordered pair of finite sets G=(V,E) 
with Ec(5). 


In other words, by a graph we mean a simple, finite, undirected 
graph without loops or multiple edges. For any graph G we use V(G) and 
E(G) to denote the vertex and edges sets of G. Often we use the letters 


n and m for |V(G)| and |E(G)| respectively. 
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If e={x,y}eE we say that x is adjacent to y and we write x~y. We 


may write e=xy for edges. 


The set of all vertices adjacent to a vertex v is called the 
neighborhood of v and is denoted 
adj(v) = {w: wev}. 


0.2.2 Definition. For graphs G and H we say that G is a subgraph of H 
provided V(G)CV(H) and E(G)CE(H). If G satisfies the property that 
B(G)=E(H)n ("<9 
write GSH or H2G. In case |V(G){<|V(H){ we may write G<H or H>G. 


) we say that G is an induced subgraph of H and we 


0.2.3 Definition. A class of graphs P is said to be monotone if it is 
closed under taking induced subgraphs, i.e., 
GeP and HSG imply that HeP. 


0.2.4 Definition. If G and H are graphs, we say G is isomorphic to H 
provided there exists a bijection £f:V(G)—V(H) such that xyeE(G) if and 
only if f(x)f(y)eE(H). 


Often we do not distinguish between isomorphic graphs. We will 
consider them to be the same graph. For example, when we write GSH we 


mean that G is isomorphic to an induced subgraph of H. 


0.2.5 Notation. Let G and H be graphs. We define GUH to be the graph 
(V(G)UV(H),E(G)UE(H)) and GnH to be the graph (V(G)nV(H),E(G)nECH)). 
However, unless we indicate otherwise, we will assume that V(G)=V(H) 
when forming graph unions and intersections. One notable exception is 


the following: 


The disjoint union of G and H, denoted G+H, is the graph formed by 
assuming V(G) and V(H) are disjoint (e.g., by taking isomorphic copies 
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of G and H on disjoint sets of vertices) and then forming their union. 


We denote by nG the n-fold disjoint union of G with itself: G+G+...+G. 


0.2.6 Definition. Let G and H be graphs. The join of G and H, denoted 
GvH, is defined to be the graph formed from G+H by adding edges 


connecting every vertex in G to every vertex in H. 


0.2.7 Remark. We use other graph theory terms that are not explicitly 
defined in this dissertation. Terms such as path, cycle, connected, 
component, tree, forest, degree, spanning, complete graph, independent 
set, etc. which are frequently used in graph theory literature have 
their usual meanings. Cliques are complete subgraphs and need not be 


maximal. Definitions can be found in either [35] or [5]. 
0.3 Hypergraphs and Simplicial Complexes 


0.3.1 Definition. A hypergraph H is a pair of finite sets (V,E) with 
Ec2”-{9}. If for some positive integer k we have zel) then the 
hypergraph is said to be k-uniform. Graphs are exactly the 2-uniform 


hypergraphs. 


0.3.2 Definition. A (finite) simplicial complex is a hypergraph K=(V,E) 
that satisfies the properties: 

(1) if Pfe'ceeE then e'eE, and 

(2) veV implies {v)eE. 
Normally one does not distinguish between v and {v} for vertices of a 


simplicial complex. 


0.3.3 Definition. If K is a simplicial complex, the dimension of K is 
defined by 

dim(K) = max{|e]:eeE(K)} - 1. 
The edges of cardinality k+l are called k-simplices. For each integer 
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k20, define the k-skeleton of K to be the simplicial complex sk,K given 
by V(sk, K)=V(K) and E(sk, K)={eeE: le|sk+1). 


There is an obvious bijective correspondence between graphs and 
l-dimensional simplicial complexes. In particular the 1-skeleton of a 


simplicial complex is considered a graph. 


0.3.4 Definition. If K is a simplicial complex we define the 
barycentric subdivision of K, denoted BK, to be the simplicial complex 


defined by: 
(1) V(BK) = E(K), and 
(2) E(BK) = { {e),€),---2e5): e,Se,f...ce.) 


When G is a graph BG is the graph formed by subdividing the edges 
of G in the usual graph theoretic sense. See figure 0.1. 
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Figure 0.1 
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0.3.5 Definition. Let k be a positive integer. A hypergraph is said to 
be k-partite if and only if there exists a partition of the vertex set 
into (at most) k (disjoint) sets, called parts, such that no edge 


contains more than one vertex from any part. In case k=2, the 


shi 
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hypergraph is called bipartite. 
0.4 Posets 


0.4.1 Definition. A [finite] partially ordered set or poset is a pair 
P=(X,<) where X is a [finite] set and < is a relation on X satisfying 
for all x,y,zeX: 

(1) xsx, 

(2) x<y and y<x imply x=y, and 

(3) xSy and ySz imply x<z. 


If for all x,yeX we have xSy or ySx then P is called a total 
order. 


0.4.2 Definition. If P,=(X,$,) and P3=(X,<,) are posets then P,nP, is 
the poset (X,$) where xSy if and only if x,y and x<,y. 


0.4.3 Definition. If P=(X,S) is a poset, the dimension of P is the 
least positive integer t such that P = P,nP,n...nP, with each P; a 
total order for ÌSist. It is easy to see that the dimension of any 


finite poset is finite. 


0.4.4 Definition. If P=(X,S) is a partial order with x,yeX, the 
interval [x,y] is the set {zeX:xSz and zSy}. 


0.4.5 Definition. Let (X,S) be a poset. We call a subset Y of X an ideal 
of the poset íf yeY and xSy imply xeY. 


Example: The class of all graphs G together with the relation of 
induced subgraph form a poset. The ideals of (G,S) are exactly the 


monotone classes of graphs. 
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N.5 Ramsey Theory 


We make use of the following theorems from Ramsey Theory. Proofs 
can be found in [28]. 


0.5.1 Theorem [Ramsey]. Let k, and k, be positive integers. Then there 
exists a number N such that for every coloring of the edges of Ky with 
two colors, blue and red, there exists a subgraph of Ky that is either a 


blue k,-clique or a red k;-clique.l 


0.5.2 Definition. We denote the least N satisfying the conditions of 
the above theorem by r(k,,k,). The numbers r(k,,k,) are called Ramsey 


numbers. 


0.5.3 Theorem [Edge Induced Ramsey]. Let G be a graph and t be a 
positive integer. Then there exists a graph H such that for every t 
coloring of the edges of H there exists an induced copy of G in H in 


which all the edges have the same color. 


In this theorem, if G is bipartite, we may require H to be 
bipartite as well. This follows by setting k=2 in the following result: 


0.5.4 Theorem. Let k and t be positive integers and let G be a k- 
partite k-uniform hypergraph. Then there exists a k-partite k-uniform 
hypergraph H such that for every t coloring of the edges of H there 
exists an induced copy of G in H such that all the edges of G have the 


same color.J 
0.6 Computational Complexity 


In this thesis we discuss the computational complexity of 


determining membership in various intersection classes. The concepts of 
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polynomial transformation (=), NP-completeness and other 


concepts are defined and discussed in [21]. 


0.7 Symbols 
Z Integers 
rd Positive Integers 
R Reals 
rd Euclidean d-space 
Rp d-dimensional projective space 
G Class of all graphs 
Ka Complete graph on n vertices 
Kon : Complete bipartite graph 
K(n,,--- 50.) Complete multipartite graph 
do) Degree of a vertex 
A(G) Maximum degree 
G Graph complement 
L(G) Line graph 
x(G) Chromatic number 
a(G) Independence number 
w(G) Size of largest clique 
%(G) Genus 
x(G) Connectivity 
S A family of sets 
P A class of graphs 
lv) Greatest integer S x 
[x] Least integer 2 x 
x<<y x much less than y 
PL Piece-wise linear 
Euler characteristic 
little "oh": lim „[o(x)/x]=0 
2x Power set ($0.1.1) 
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1. INTERSECTION REPRESENTATIONS 


In this chapter we introduce the central concept of this 
dissertation: intersection representations of graphs. Many classes of 
graphs are defined as intersection graphs of sets of various sorts such 
as arbitrary sets, intervals in R, circular arcs, etc. This chapter's 
main result describes what all these classes have in common—we 


characterize intersection classes. 


We begin in section 1.1 by defining intersection representations 
and intersection classes. We then discuss several examples of 
intersection classes, the most important of which being the class of 
interval graphs. In section 1.2 we characterize intersection classes, 
i.e., we give necessary and sufficient conditions that a given class of 
graphs must satisfy in order to be an intersection class. In section 
1.3 we discuss and characterize injective intersection classes. Section 
1.4 discusses nerves, the generalization of intersection graphs to 
simplicial complexes. We give a characterization of nerve classes. We 
conclude with section 1.5 in which we discuss, in a general setting, 


computational complexity problems associated with intersection classes. 
1.1 Intersection Representations 


1.1.1 Definition. Let S be a family of sets and let G be a graph. We 
say that G has an intersection representation by sets in S (or an S- 
representation) if there exists a function f£:V(G)—»S such that for all 
v,weV(G) with vfw we have vw if and only if f(v)nf(w)fg. Note that 


the function f need not be one-to-one. 
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1.1.2 Definition. We denote the class of graphs that have an S- 
avpiesentation by 2(S). Such a family is called an intersection class of 


graphs. 


Let M be a finite multiset of sets of S, M=[S, (m,):ieJ] with each 
SES. We define 2(M) to be the graph with Im, vertices corresponding 
to the elements (sets) of M such that two vertices are adjacent if and 
only if the corresponding sets have nonempty intersection. If Ge2(S) 
and f:V—S is an S-representation of G then we have G=2(f(v):veV(G)]. 
The use of the symbol 2 in these two ways appears somewhat ambiguous, 
however, 2(M) for a multiset of sets M is a graph, while 2(S) for a set 


of sets S is a class of graphs. 


Varying the choice of the family S results in various classes 
US). The following are examples of various intersection classes that 


have been studied in the literature. 


1.1.3 Example: Arbitrary Sets. We wish to determine which graphs may be 
realized as intersection graphs of arbitrary sets. Clearly this will be 
the largest possible intersection class of graphs. In essence we want 
S to be the "set of all sets". Fortunately, it is enough to assume 


that S contains all subsets of the integers: 
1.1.4 Theorem [51]. 2(2")=6, the class of all graphs. 


In other words, every graph has an intersection representation by 


arbitrary sets (of integers). 


1.1.5 Example: Interval Graphs. We wish to determine the class of all 
intersection graphs of (closed) real intervals. In other words, 
S={[a,b]:a,beR, a<b}, and the class of interval graphs is Q(S). The 


interval graphs are central in our discussion; virtually all the 
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questions we address concern generalizations of interval graphs. 


The class of interval graphs has been extensively studied. There 
are several theorems giving good descriptions of this class as well as a 


linear time recognition algorithm. These are mentioned below. 


It is not important whether the intervals are closed or open. 
Likewise, we do not have to consider the intervals as subsets of R—any 
total order will do. We now review the principal characterizations of 


interval graphs. 


1.1.6 Definition. A graph G is called a comparability graph if it has 
a transitive orientation, i.e., if xy and yz are edges with x—y and 


y—z then x~z and x—z. 


1.1.7 Definition. A graph is said to be chordal (or triangulated or 
rigid circuit) if it has no chordless cycles of length greater than 3. 


Our first characterization is due to Gilmore and Hoffman: 


1.1.8 Theorem [24]. A graph G is an interval graph if and only if G is 


a chordal graph and 6 is a comparability graph. 

Gilmore and Hoffman also have the following characterization: 
1.1.9 Theorem [24]. A graph G is an interval graph if and only if the 
maximal cliques of G can be linearly ordered such that the maximal 


cliques containing each vertex of G occur consecutively. 


1.1.10 Definition. Three distinct vertices of a graph G are called an 
asteroidal triple if there exist paths joining each pair that contain no 


vertex in the neighborhood of the third. 
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The following result is due to Lekkerkerker and Boland: 


1.1.11 Theorem [47). A graph G is an interval graph if and only if G is 


chordal and contains no asteroidal triple.Jj 


Lekkerkerker and Boland also give a complete list of minimal 


forbidden subgraphs. 


1.1.12 Theorem [47). A graph G is not an interval graph if and only if 
it contains one of the graphs shown in figure 1.1 as an induced 


subgraph. 


We conclude with the following result of Booth and Leuker 


concerning the computational complexity of recognizing interval graphs. 


1.1.13 Theorem [6,7}. Interval graphs can be recognized in linear time, 
i.e., there exists an algorithm which can determine if a given graph is 


an interval graph in at most c([V(G)|+]E(G)|) steps for some constant 


c.f 


The remaining examples of intersection classes may be 
appropriately viewed as generalizations of interval graphs in which 


"intervals" are generalized in some fashion. 


1.1.14 Example: Circular Arc Graphs. If, instead of considering 
intervals on a line, we consider “intervals” on a circle, we are led to 
the concept of circular arc graphs. By an arc of a circle we mean, of 
course, a subset of a circle homeomorphic to a real interval. If S is 
the set of all arcs of a particular circle, then 2(S) is the class of 
circular arc graphs. By deleting a point from the circle we see that 
every interval graph is also a circular arc graph. The converse, 


however, is clearly false; for example, C, is a circular arc graph which 


4458 
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Figure 1.1 
gE EN 


is not an interval graph. 


Tucker has characterized circular arc graphs: 
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1.1.15 Theorem [70]. A graph G is a circular arc graph if and only if 
its vertices can be (cyclically) indexed ViVe eVa SO that for all 


i,j we have wu implies either v, V} are all in adj(v,) or 


gar 
j 


are all in adj(v,) with addition taken modulo n.) 


Ya "Vi 
In addition, Tucker [74,75] has a polynomial time algorithm for 


the recognition of circular arc graphs. 


1.1.16 Example: Boxicity. One way to generalize intervals is to 
consider sets in higher dimensional spaces which resemble intervals. 
For example, we may consider boxes in rd (with sides parallel to the 
coordinate axes). A box in R? is a set {(x,5--+5%4):a,Sx,Sb,, for 


151501 for fixed 8, and b,- In other words, a box is the cartesian 
product of intervals: [a,,b,]*...x[a,,by]. Let Bi denote the set of 


all boxes in RÓ. 


It can be shown easily that every graph belongs to a for d 
sufficiently large and also that no 2B°) contains all graphs. This 


leads to the definition of a graph parameter: 


1.1.17 Definition. Let G be a graph. The boxicity of G, denoted b(G), 
is the least positive integer d for which Gen(B°). 


Boxicity has been investigated by several authors, especially 
Roberts. Cozzens' thesis [10] gives extensive discussion and 


investigation into boxicity. One result on boxicity which we need is the 


following: 


1.1.18 Theorem [59]. The boxicity of the complete multipartite graph 
Km: ..‚n,) equals the number of the n, which are greater than 1.1 


Note that some authors prefer to set the boxicity of the complete 
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graphs K. to be 0. Since KKO- --,1) this is consistent with the above 
theorem. However, we prefer our definition with b(K )=1, especially in 


light of the following. 


1.1.19 Proposition [59}. Let G=(V,E) be a graph and let t be the 
smallest integer for which there exist interval graphs (V,E,),---5(V,E,) 
such that G=(V,E,n...nE,). Then b(G)=t.§f 


This is easily verified by projection onto coordinate axes. 


One nice feature of Proposition 1.1.19 is that it provides an 
alternative definition for b(G) which makes no mention of coordinates or 
Ro, however, the geometric flavor is lost. One idea to reconcile the 
geometric and the coordinate free aspects of the two alternatives is to 
note that the boxes in Ri are exactly intervals in rd considered as a 
poset with xSy provided KEK, >+ 2X4) Y=(¥ 19+ Ya) and x Sy; for 
i=zl,...,d. Thus one could give a definition in which G must be 
represented by intervals in a minimal product of total orders. Such a 
definition would be equivalent to 1.1.17. Generalizing slightly 


further, one is lead to the following definition: 


1.1.20 Definition. Let G be a graph. The poset boxicity of G, denoted 
PB(G), is the smallest positive integer t for which there exists a poset 
P with dim(P)=t, such that G has an intersection representation by 


intervals in P. 


It is clear that PB(G)Sb(G) since G certainly has an interval 
representation in the poset RCS) which has dimension b(G). It would be 
very nice if PB(G)2b(G), but this is false. We show that 
PB(K(2,2,2))<b(K(2,2,2)). By Theorem 1.1.18, b(K(2,2,2))=3. Now 
consider the poset depicted in figure 1.2. One checks that it has 


dimension 2 as it is the intersection of the total orders: 
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e r ee nn a a a en en e en a ee eam ee me me a a 
e 
—_ e č —— — iin: e en, nen ee mne a n ma a ee a 


Figure 1.2 


a<b<b '<c<c '<A<a'<C'<C<B'<B<A 
and 

b<a '<a<c'<c<B<b'<C<C'<A'<A<B'. 
We see that the intersection graph of the intervals [a,A], [a',A'], 
[b,B), [b',B'}, [c,C) and [c',C'} is K(2,2,2). Since K(2,2,2) is not an 
interval graph we must have 2=PB(K(2,2,2))<b(K(2,2,2))=3. 
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1.1.21 Example: Convex Sets. Instead of generalizing intervals in 
hieher dimesions as boxes, we consider convex sets. Let KS denote the 
set of all compact convex sets in rd. Clearly K’=B!. The classes 
KS) are discussed in Wegner's thesis {77}. The principal results on 


these classes can be summarized as follows: 


1.1.22 Theorem [77]. (a) Q(K*) = the class of all interval graphs. 

(b) 2(K?) does not contain all graphs, but it does contain all 
planar graphs. 

(c) 9(K*) for d23 contains all graphs. 


The "standard" example to show that 2(K?) does not contain all 
graphs is BKs (the subdivision of Ks, see Definition 0.3.4). These 
results are more fully discussed in chapter 4. To date there is no 


characterization of Q(K?). 


1.1.23 Example: Curves, Line Segments. In the spirit of the previous 
examples, we can generalize intervals to higher dimensions as either 
curves or straight line segments. In dimension two it is known that not 
all graphs can be represented by curves: 6K, is the usual example. 
This example first appeared in [63] but was not cited by later authors. 
Undoubtedly this was because it appeared in a paper entitled "Topology 
of thin film RC circuits". [12] showed that the intersection class 
formed by planar curves strictly contains the class formed by planar 
line segments. In dimension 3 and higher it is easy to see that the 
intersection class of curves contains all graphs. However, the 
intersection class of line segments in any real vector space (even with 
infinite dimension) does not contain all graphs. This is proved in 


chapter 4. 
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1.1.24 Example: Subtrees. Thus far we have viewed R as a topological 
space, as a poset and as a vector space in generalizing interval graphs. 
In the next few examples, we view R as a path graph. The simplest graph 
theoretic generalization of a path is a tree in which intervals become 
subtrees. There happens to be a simple characterization of the 


intersection graphs of subtrees of a tree. 


1.1.25 Theorem [22]. The class of intersection graphs of subtrees of 


trees is exactly the class of chordal graphs.§ 


1.1.26 Example: Paths in Trees—IPT and OPT. Instead of considering 
subtrees of a tree we now consider paths in trees. We may view paths 
either as a sequence of vertices or as a sequence of edges. In the 
first case, the intersection graphs we attain are called IPT graphs 
(Intersection of Paths in Trees) and in the latter case, OPT graphs 
(Overlap of Paths in Trees). The difference is that in IPT graphs paths 
which share only a single point correspond to adjacent vertices, while 
in OPT graphs those vertices would not be adjacent. See figure 1.3. IPT 
graphs have been investigated by [58] and [23], and OPT graphs by [26]. 


If, instead of considering paths in trees, we allow the paths to 
be in arbitrary graphs we arrive, by analogy, with the classes IPG and 
OPG. These classes turn out to be trivial. 


1.1.27 Theorem. Every graph is an IPG and an OPG graph. 


Proof. The following construction applies in both cases. Let G be an 


arbitrary graph. Let V(G)={v,, ds AA and E(G)={e,, re en ; 
Now construct a graph H as follows. (H will have 4m+n vertices.) 
First, take 2m vertices Rr: NL and LITE A and join x, to Yi by an 


edge for i=l,...,m. Next, for each vertex veV(G) add deg; (v)+1 new 
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IPT 2 3 


Figure 1.3 


vertices N ={w,,...,w,}. If vertex v is incident with edges e, ,...,e. 

v 0 d i, 1. 
in G with i]<...<igs then in H join x to u. and join m to Wi by 
edges. This completes the construction of H. See figure 1.4. 


Next, assign to each veV(G) a path Pa in H with Py determined by 


the vertices eat Y1 bak Pk VE Notice that two paths E, and Py 


intersect exactly along an edge of the form x;y} if and only if aad. 


1.1.28 Examples. There are still many more examples of intersection 
families which we could discuss. For example, circle graphs are the 
intersection graphs of chords of a circle, function graphs are the 
intersection graphs of the (cartesian) graphs of continuous function 
£:[0,1)—-R, and permutation graphs are function graphs in which the 


functions f must be affine. See [25] for more information. 
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Figure 1.4 


The central examples for this dissertation, however, are the 


multiple interval graphs which are defined and discussed in chapter 2. 
1.2 Characterizing Intersection Classes 


In the previous section we discussed numerous examples of 
intersection classes of graphs. In this section we discuss what 
properties all these classes share. Put more precisely, we answer the 
question: given a family P of graphs, when does there exist a family of 
sets S such that P=2(S)? 


The answer to this question depends, in part, on whether or not 
the empty set is allowed to be a member of S. The reason for this 
minor anomaly is simple: normally two vertices assigned to the same set 
are adjacent unless the set in question is empty, in which case those 
vertices are isolated. Thus we first characterize the families 2(S) 
for which § is not in S and then we analyze the effect of adding the 


empty set to S. 
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We begin with a few lemmas giving necessary conditions for 


P=2(S). 


1.2.1 Lemma. If P=2(S), then P is a monotone class of graphs (closed 
under taking induced subgraphs). 


Proof. Suppose HSGeP=Q(S). Let f:V—S be an S-representation for G. 
Clearly f|V(H) is an S-representation for H and thus Hep.) 


1.2.2 Definition. Two vertices u,v of a graph G are called equivalent 
provided that either u=v or else u~v and for all vertices weV(G) with 
wiu, wiv we have w~u if and only if w-v. We denote vertices u,v as 
equivalent by u=v. In symbols, 

utv <=> adj(u)u{u} = adj(v)u{v}. 
Such vertices (with u#v) are also known as true twins. 


It is trivial to verify that = is an equivalence relation. 


1.2.3 Definition. Let G be a graph. Define pG to be the reduced graph 
of G whose vertices are equivalence classes of vertices of G modulo = 
which are adjacent if and only if some element of one class is adjacent 


to some element of the other. 
By the way in which equivalent vertices were defined it is 
unimportant which vertices we choose from each of a pair of classes to 


check if the classes (vertices of pG) are adjacent. 


Alternatively, we could define pG as the induced subgraph of G 


formed by choosing one vertex per equivalence class. 


Also note that ppG = pG. 
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| pG=pH 
| 


Figure 1.5 
a DN NEEN 


1.2.4 Definition. Let G be a graph. Define (6) to be the class of 
graphs: {H:H2G,pH=pG}. If Hep (G) we say that H arises from G by 
vertex expansion. (See figure 1.5.) 


1.2.5 Lemma. Let S be a family of nonempty sets and let P=2(S). If GeP 
then p Hoer. 


Proof. Let Hep (G). Since pH=pGSG, and since by 1.2.1 P is monotone, 
pHeP. Therefore, let pH=2[S,,..-,5,] with S,eS- Now for each 


v‚eV(pH), i=l,...,m we have m,21 vertices in H equivalent to vj: 


(vi: 1sksm_}. Now Wad in H if and only if vv, in pH. Since no 
s,=, H=Q[S, (m) ),...,5, (m )]» and therefore HeP. It follows that 


OGA 
1.2.6 Remark. Since we do not distinguish between isomorphic graphs, 


there are finitely many graphs with n vertices for any positive integer 


n. Hence the class of all graphs is countable. 
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1.2.7 Lemma. Let S be a family of sets and P=Q(S). Then there exists 
a countable subset S'cS such that P=Q(S'). 


Proof. By 1.2.6 we may assume that P is countable, P=(G,,G,,G;,...}. 


Let fi :V(G,)—S be an S-representation of G, E Let 
a (VG, Nett, ws... £ (VD). Clearly S, is a finite subset of S. 
Let S'=$,uS,uS,u.... Hence S'cS and S' is countable. Since S'cS 


clearly 2(S')cQ(S). However, if GeQ(S), then G=G, for some i, hence 


GEUS, EUS" ). Therefore 2($)cQ(S').ff 


i 


1.2.8 Definition. Let P be a class of graphs. We say that P has a 
composition series if there exist graphs G,SG,SG;¢... with G,eP such 
that if GeP then GSG; for some k. 

Note that the G i need not be distinct and that a composition 


series may be finite. 
1.2.9 Lemma. If P=Q(S), then P has a composition series. 


Proof. By 1.2.7 we may assume that S is countable and that 
S={S,,S2,53,..-.}. Put BULB, (k),S,(k),...,S, Ck) }. Clearly GEP and 
GSE 44 for k=1,2,3,.... Let GeP. Then there is a function f:V(G)—S 
which is an S-representation of G. Let 

k; = [V(G)| and 

Ka = max{i:f(v)=S,, veV(G)}. 
Put k=max{k,,k2}. Clearly GSG 


composition series. 


k and therefore the B, form the required 


The results 1.2.1, 1.2.5 and 1.2.9 are each necessary conditions 
for a family P to be an intersection class of a family of nonempty 
sets. Our main result shows that these condition together are 


sufficient: 
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1.2.10 Theorem. Let P be a nonempty family of graphs. There exists a 
family of nonempty sets satisfying P=Q(S) if and only if the following 
conditions hold: 

(i) P is monotone, 

(ii) GeP implies p 1(G)cP, and 


(iii) P has a composition series. 


Proof. By 1.2.1, 1.2.5 and 1.2.9 we see that if such an S exists then 
(i), (ii) and (iii) must hold. Conversely, suppose the three conditions 
hold. Let G;$G,SG;S... be a composition series for P. Since P is 
monctcons we may include in the series graphs "between" G, and G,,,. We 
can "refine" the series and we therefore may assume that IV(G,) |=. 


i < = 
Since GSG we may assume that VG.) {v1 >Vg» eV). 


i+1 
We now define sets S4 which consist of ordered pairs of positive 
integers as follows: 
S,=t(i,j):j>0, jeZ} u {(j,i):0<j<i, jeZ, vv). 
Note that in the second part of the definition of B, we need only check 
vertices in 6, for adjacency to Vi: Let S={S,,8.,83,.-..}. We claim 
that P=2(S). 


We first show that G=2[S,,---»5,]- Suppose j<isk and aL It 
follows that (j,i)eS, since vr Thus Ss 548. Conversely, suppose 
j<isk and (Pp,adeS;nS,. 
(pa)eS, either p=j or q=j. These imply that either (p,q)=(i,j) or 
(p,q)=(j,i). Since j<i we cannot have (i,j)eS,. Thus S98 ={(j,1)) 
which implies (j,i)eS, and so Ma ge Thus £:V(6,)>S by £(v,)=S, is an 


Since (p,a)eS, either p=i or q=i. Since 


S-representation of Gk and GERS). 


Now if GeP we know by (iii) that BSD, for some k, and since 2(S) 
is monotone we have Ge2(S). Thus Pc2(S). 
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Suppose GeQ(S). It follows that G=0[S,(m,),---»S, (m,)] for finite 
t and m 20. Let G'=Q[S, (sen(m,)),..-.5,(sgn(m,))] where sgn(x)=1 if x>0 


and =0 if x=0. Clearly G'SG and Gep IG’) since the S, are nonempty. 


Now G'SG,=Q[S, (1), .,S, (1)] and since P is monotone, G'eP. Now G'eP 


implies p i(G'yeP and since Gep *(G') we see that GeP proving that 
2(S)cP.§ 


1.2.11 Remark. The three conditions in the above theorem are logically 
independent of one another. We verify this by presenting three examples 
of classes of graphs for which two of the conditions hold, but the third 


fails. 


1.2.12 Example: (i) fails. Let P={K +K :n,m>0}. We observe that 
condition (i) fails since K,$2K,eP but K, is not in P. Condition (ii) 


holds because if GeP we know pG=2K, and p '(G)={H:pH=pG}. Now if 


pH=2K, it follows that H has exactly two equivalence classes modulo =. 


Hence H=K +K, and so p 1(G)¢P (indeed equality holds) and (ii) is 
verified. Finally it is clear that the graphs 2K,S2K,52K,;¢... form a 
composition series for P thus verifying (iii). 


1.2.13 Example: (ii) fails. Let P be the class of graphs each of whose 


components is a path: P={EP_ :n,20}. Condition (ii) clearly fails 
i 


since K,eP and yet K, is not in P, but Keep T O Condition (i) 
clearly holds. Finally, if we consider the sequence P,S2P,Ss3P,<s4P,<... 
we see that condition (iii) holds. 


1.2.14 Example: (iii) fails. Let P=G-{G:C,SG and C,SG). In other 
words, P contains all graphs that do not have both C, and C, as induced 
subgraphs. We first show that (iii) fails. Suppose G,SG,5G,S... is a 


composition series for P. Since C,eP we know that CSG, for some k,. 
1 


Likewise CSG Let k=max{k, ,k2}. It follows that CSG, and Cs SG, with 


Ka 
G,eP, a contradiction, hence (iii) does not hold. It is obvious that 


a OF á 
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ft) holds. To verify (ii) we observe that for k24, G contains an induced 
k-cycle if and only if pG does also. Thus if GeP and for arbitrary H 
satisfying pH=pG we cannot have C,SH and C,SH, hence HeP. 


We now apply theorem 1.2.10 to some classes of graphs. In so 


doing, the following lemma is useful: 


1.2.15 Lemma. If P is a class of graphs that is closed under disjoint 


union, then P has a composition series. 


Proof. For each positive integer k let P= {GeP:|V(G)|sk}. Clearly P, 
is finite and let Gk be the disjoint union of the graphs in Pie It 
follows that GEP, G,SG,SG,S... and every graph in P with n vertices 


is an induced subgraph of cE 


1.2.16 Example: Chordal Graphs. Let P be the class of chordal graphs 
(see Definition 1.1.7). It is obvious that P is monotone, and by the 
observation concerning chordless cycles at the end of Example 1.2.14 we 
know P is closed under 02: Finally, since the disjoint union of 
chordal graphs is clearly chordal, we see by Lemma 1.2.15 that P has a 
composition series. Hence by Theorem 1.2.10 there exists a family of 
nonempty sets S such that 2(S) is, exactly, the class of chordal 
graphs. This, of course, is no surprise since by Theorem 1.1.25 we knew 
that the intersection graphs of subtrees of trees are the chordal 


graphs. 


The point of this example is that although the proof of Theorem 
1.2.10 is constructive, the family S assembled may not be the most 
"natural". Nor is it unique. The next few sections develop another 


example of an intersection family of greater interest. 
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1.2.17 Definition. Let w(G) denote the size (number of vertices) of the 
largest clique in G and let x(G) denote the chromatic number of G. A 
graph G is said to be perfect if for all HSG we have w(H)=x(H). 


The field of perfect graphs is an extremely active area of 
research. Lovasz has shown that this class is an intersection class of 


graphs by explicit construction of a family S. 


We demonstrate nonconstructively that perfect graphs form an 


intersection class. We recall the following result of Berge: 


1.2.18 Lemma [4]. A graph G is perfect if and only if pG is perfect, 
i.e. the family of perfect graphs is closed under eg 


1.2.19 Theorem. The class of perfect graphs is an intersection class. 

Proof. It is immediate from the definition that perfect graphs form a 
monotone class and are also closed under disjoint union. The result is 
now obvious in light of 1.2.15, the previous lemma and Theorem 1.2.10. 
1.2.20 Remark. We conclude our characterization of classes Q(S) by 
lifting the restriction that the sets in S be nonempty. In an S- 


representation the empty set may only be assigned to isolated vertices. 


1.2.21 Definition. Let ıG be the graph formed from G by deleting its 


isolated vertices. Thus if G has k isolated vertices, then G = 1G+kK,. 


1.2.22 Proposition. If S is a family of nonempty sets, then Ge@(Su{g}) 
if and only if 1Ge2(S$). 


Proof. Suppose Ge2(Su{ß}). Since 1GSG we know ıGeN(Su{ß}), but since 


no vertex of 1G is isolated, no vertex of 1G is assigned § in an 
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(Su{@})-representation. Thus 1GeQ(S). 


Conversely, suppose 1Ge2(S) and G=1G+kK,. Thus 
1G=Q[S, (m,) eer ‚5, (m )] with S,eS. Clearly G=Q[S, (m,) ee ‚5, (m) »9(k)] 
and therefore Ge2(Su(#}).§f 


Thus adding the empty set allows for unlimited isolated vertices. 


We conclude with three examples: the first is a class of graphs 
representable only by nonempty sets, the second is a class representable 
only by families that include the empty set and the third is a class 


representable either way. 


1.2.23 Example. Let P be the class of complete graphs: ={K :n>0}. 
If A is any nonempty set, then P=2({A}). Clearly P#Q(S) with JeS 


because 2K, is not in P. 


1.2.24 Example. Let P be the class of graphs (K tak, :n>0, m20}. 
Clearly P=2({A,0}) with A nonempty. However, P cannot be represented 
only by nonempty sets, since 2K, is not in P but o"!(2K.)=2K,eP, 
violating 1.2.10(ii). 


1.2.25 Example. Let P be the class of interval graphs. Let 
S=Bi=z{[a,b}:astk, a,beR}. Now P=2(S), but also P=2(Su{9}). This is 
because the union of the intervals in the representation of any interval 
graph covers only a finite portion of R. We can then add arbitrarily 


many additional disjoint intervals to represent isolated vertices. 
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1.3 Injective Intersection Representations 


In the previous section one set in S could be assigned to several 
vertices in a graph's representation. In this section we only allow a 
set of S to be used at most once. Interestingly, this restriction 
allows for greater flexibility in the intersection classes we can 


achieve. 


1.3.1 Definition. Let S be a family of sets and G a graph. We say that 
G has an injective S-representation if there exists an S-representation 


£:V(G)—-S which is an injection. 
In other words, for all vertices v and w with v#w we have: 
(1) f(v)nf£(w)#@ if and only if vw, and 


(2) f(v)#f(w). 


1.3.2 Notation. If S is a family of sets we denote the class of all 
graphs that have injective S-representations by %2%,(S). Clearly 
2,(S)eEQ(S). 


As in section 1.2, we wish to characterize the classes ,(S) 
which we call injective intersection classes. We begin with two lemmas 
giving necessary conditions analogous to 1.2.1 and 1.2.9. 


1.3.3 Lemma. If P=Q,(S) then P is monotone. 


Proof. If HsGeQ2,(S) and £f:V(G)—S is an injective S-representation, 
then so is f|V(H). 


1.3.4 Lemma. If P=Q,(S) then P has a composition series. 
Proof. Reasoning as in §§ 1.2.6 and 1.2.7 we may assume S is 
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countable. Let S={S,,$S2,5,,...} with dL for ifj. Let GRIS >e 5] 
Notice that £(v,)=S,, ISisk is injective. Hence G,SG,SG;,S... and G,eP 
for all i. Clearly if G has an injective S-representation, then if 
kemax{i:f(v)=S,, veV(G)} then penp, -E 


These two conditions are sufficient. 


1.3.5 Theorem. Let P be a family of graphs. P is an injective 
intersectiön class if and only if the following conditions hold: 
(i) P is monotone, and 


(ii) P has a composition series. 


Proof. The necessity of (i) and (ii) is proved in 1.3.3 and 1.3.4. 
Conversely, suppose P satisfies (i) and (ii). Let G,SG,SG,S... be a 
composition series for P. We may, as in the proof of Theorem 1.2.10, 
assume that Iv(G,) lei. Let V(G, )=tv, ER Vi} i Let 
S ={(i,j):j>0}u{(j,i):j<i and vyh Let S={S,,S2,5,,...}. Notice 
that BIB, 5) as in 1.2.10. We show that P=2,(S). 


Let GeP. Then GSG SAIS, ,-- : Bv) for some k. Since the B, are all 


distinct (only S, contains (i,i)) clearly Ge2,(S). Thus Pc2,(S). 


i 

Let Ge2,(S). Let £f:V(G)—S be an injective S-representation and 
let k=max{i:£(v)=S,, veV(G)}. Clearly GSD, and since P is monotone, 
GeP. Thus 2,(S)cP.§ 


1.3.6 Remark. As mentioned above, for a family of sets S we know that 
R,(S)ER(S). This inclusion may or may not be proper. If S={A} with Aff 
then 2,(S)={K,} while USK, :n>0} and the inclusion is proper. 
However, if S=B’={[a,b]:asb, a,beR} then Q,(S)=Q(S). To see this note 
that we can always slightly enlarge each interval in an interval 


representation by varying amounts so that all intervals in the 
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representation of an interval graph are distinct. [This is possible 
since the intervals are compact and there exists a positive number £ 
which is the minimum distance between nonintersecting intervals. No new 
intersections are formed if, in extending the intervals, the endpoints 


are moved less than $e.) 


Although 2,(S)cQ(S), injective representations allow for greater 
flexibility in forming classes of graphs. Since the conditions for an 
injective intersection class are a subset of those for an intersection 


class, we have 


1.3.7 Corollary. If S is a family of sets and P=2(S) then there exists 
a family of sets S' such that P=2,(S').] 


Hence every intersection class of graphs is also an injective 
intersection class. The opposite, however, is not true, as we see in 


the following examples. 


1.3.8 Example: Forests. If P is the class of forests then there exists 
a family S such that P=2,(S). We can see this by noting that P is 
clearly monotone and closed under disjoint union. The claim follows by 


applying 1.2.15 and 1.3.5. 


If we require the components of the forests in P to be paths, we 
see, as in 1.2.13, that P=2,(S) for some S. Indeed it is trivial to 
verify this is true for S={[a,at+l]:aeZ}. However, by 1.2.13, P does not 


satisfy 1.2.10(ii) and hence is not an intersection class. 


1.3.9 Example: Planar Graphs. If P is the class of planar graphs, it 
is clearly monotone and closed under disjoint union. Hence, by 1.2.15 
and 1.3.5 it is an injective intersection class. It is not an 


intersection class since Ks is not in P, yet pKs=K,eP, violating 
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` 2.10(ii). 


1.3.10 Example: Line Graphs. If G is a graph, then L(G) is the 
intersection graph of the edges of G. Clearly the family of all line 
graphs is an injective intersection family. The class of all line 
graphs is not an intersection class because it is not closed under gen 
as the following example shows: Observe that L(C,)=C, and hence C, is a 
line graph. Now let G be the graph shown in figure 1.6. It is known that 


Te te. ee AE Ee a a 


| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
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| | 


Figure 1.6 
ED E | 


G is not a line graph [1], however, pG=C,. 
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1.4 Nerves 


In this section we discuss an analogue of intersection graph: the 
nerve of a collection of sets. This will extend the results of the 
previous section to simplicial complexes. We prove a characterization 


theorem for families of nerves analogous to Theorem 1.3.5. 


1.4.1 Definition. Let S be a finite family of nonempty sets. The nerve 
of S, denoted N(S), is a hypergraph (V,E) for which there exists a 
bijection f:V—S such that {vjs Vg) EE if and only if 
f(v,)n...n£(v, #6. 


1.4.2 Remark. Under our definition, the nerve is defined only for 
finite collections of nonempty sets. Some authors define nerves for 
arbitrary collections, but this can result in infinite hypergraphs, 
which we do not discuss. The nonemptiness requirement is a simplifying 


assumption; the empty set would only serve to add an isolated vertex. 


It is also possible to define the nerve for a multiset of sets, 


but we will not need this generality. 


Finally, the definition actually only defines the nerve up to 
hypergraph isomorphism. This will not cause a problem as we generally 
identify isomorphic hypergraphs. One could assume that the vertex set 
of N(S) is the collection S itself and the edges of N(S) to be those 
subsets of S whose elements have nonempty intersection. In this way the 


nerve would be uniquely defined. 


The following is immediate from the definitions: 
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1.4.3 Proposition. The nerve of a family is a simplicial complex. 


1.4.4 Definition. Let S be a collection of nonempty sets. Let N(S) 
denote the class of nerves of finite subsets of S, i.e., 

N(S)={N(S):SES and |S|<«). 
We call such a class of simplicial complexes a nerve class. 


Note that the 1-skeleton of a nerve of a family can be identified 
with the intersection graph of the sets of that family and that 
Q =sk,°N. 


We now characterize nerve classes. 
1.4.5 Theorem. If P is a family of simplicial complexes, then P is a 


nerve class if and only if the following conditions hold: 
(i) P is monotone (i.e. is closed under induced subcomplexes), 


and 
(ii) P has a composition series: K,<K,sK,S... with K,eP such 
that if KeP then KSK, for some i. 


i 


Proof. It is routine to verify the necessity of (i) and (ii). Suppose 
P satisfies conditions (i) and (ii). Since P is monotone we refine its 


composition series such that IV (K) I=k, and that VER FCV] -Vg We 
now define sets 5, whose elements will be finite subsets of 2”, Let 


B, = {AcZ*:ieA and {v,:jeAleE(K,) for some k}. 
Let S={S,),S2,S3,...}. We claim that P=N(S). This will be immediate once 
we verify that KNS, +- -SD Let £(v,)=S, for 1Sisk. Let 


{sv } be an edge of K: It follows at once that 


1 P 
ti, aei G A a Conversely, if viac cra ae we know that 
AeS, implies jeA, hence A>{i,,...,i_} and therefore {v, ,...,v, } is an 
j 1 p i, ip 
edge. Hence KNS], En 511 ; 
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Now if KeP we know by (ii) that KSK, eN(S), thus KeN(S) and hence 


PCN(S). If KeN(S), then K=N({S, sB, }). Let k=max{i,,...,i,}. It 


1 p 
follows that KSN({S, >- -5 DEK EP. We know then by (i) that KeP, so 


N(S)cP.§ 


1.4.6 Remark. By taking 1-skeletons, Theorem 1.3.5 follows from 1.4.5 


as a corollary. 


The proofs of all three characterization theorems (1.2.10, 1.3.5 
and 1.4.5) are constructive in nature, however, this last proof is "less 
constructive" than the other two. In the proofs of 1.2.10 and 1.3.5 the 
sets B, can be constructed just by knowing the graphs Bus: >B, 
However, to construct an 5; in the proof of 1.4.5 we needed an "infinite 
amount of information"; we required "knowledge" of the entire class P. 


This can be avoided if we define the sets S, so that IS, n...nS, |=0 or 
1 P 
æ. Then when a new S, is defined we make sure that when S., must meet 


ea that both a and w a are 
infinite. This will always allow for enough flexibility as the next Kk 
is examined we can form exactly whatever edges we wish. Such a proof, in 
which each Sk is defined only in terms of Kus: eK is therefore 


possible, but would be quite tedious. 


We now present an alternative characterization of nerve classes in 
which we allow our simplicial complexes to be infinite. A countable 


simplicial complex is one in which the vertex set is countable. 


1.4.7 Corollary. A class P of simplicial complexes is a nerve class if 
and oniy if there exists a countable simplicial complex L such that 


P={K:KSL, K a finite simplicial complex}. 


Proof. Let P be a nerve class, =N(S) for some collection S of 


nonempty sets. As in 1.2.7 we may assume that S is countable. Let 
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L=N(S), i.e. the nerve of the countable collection S, a countable 


simplicial complex. Clearly P={K:K<L, K finite}. 


Conversely, let P={K:KSL, K finite} for some countable simplicial 
complex L. If KeP and K'SK then since KSL, we have K'SL and K'eP. Hence 


P is monotone. 


Let V(L) = {v1,V2,V3,...}. Let Kk be the (finite) induced 
subcomplex of L on vertices {v,> wise Vi) - Clearly K‚SK,SK;S... and if 
KeP then for k=max{k:v,eV(K)) we have K<K,. Thus the K i form a 


composition series and by 1.4.5 P is a nerve class. 


A similar corollary can be proved for Theorem 1.3.5 involving 


infinite graphs. 


1.4.8 Example: Convex Sets. Recall that KS denotes the set of all 
compact convex sets in rd (see §1.1.21). The class N(K!) consists 
exactly of those simplicial complexes K whose 1-skeletons (a) are 
interval graphs and (b) whose cliques correspond to edges (simplices) of 
K. This is an immediate consequence of the Helly property for 
intervals: every family of real intervals which intersect pairwise have 


nonempty intersection. 


The classes N(K9) are discussed in [77]. The primary result in 


which we are interested is the following: 


k+1 


1.4.9 Theorem [77]. The class N(K2 ) contains all k-dimensional 


simplicial complexes for every positive integer k. 
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1.5 Computational Complexity 


Let P be an intersection class of graphs. We are interested in 
determining the difficulty of computing when a given graph is an element 
of P. For example, if p=0(27) it is trivial (constant time) to 
determine membership in P. (The answer is always "yes".) If P is the 
class of interval graphs, then determination of a graph's membership in 
P can be accomplished in linear time, while if P=2(B*) the 
corresponding membership problem is NP-complete [80]. What can be said, 
in general, about the computational complexity of membership in an 
intersection class? Are all such decision problems in the class NP? Are 
they all even decidable? We shall see that there exist intersection 
classes for which the time complexity of testing membership is 
polynomially equivalent to an arbitrary decision problem. Indeed, there 
are intersection classes for which membership is undecidable. We begin 


with such an example. 


1.5.1 Proposition. Let A be a subset of the integers each of whose 
members is at least 4. If 


P=({G: PG SC +...+C with n‚cA} 
a, ne i 
then P is an intersection class and (for n24) c EP if and only if neå. 


Proof. It is clear that P is monotone and closed under B Since P is 
closed under disjoint union, 1.2.15 implies P has a composition series 


and it follows from 1.2.10 that P is an intersection class. 


Suppose neA. Since n24 and pc =C it follows that C„eP- 


Conversely, if n24 and C eP then C =pC SC +...+C with n,eA. Thus 
n no n on, ne i 
“nn, for some j, implying nn, and nen,cA.B 


- 39 - 


Intersection Representations 81.5.2 


1.5.2 Theorem. There exist intersection classes for which testing 


membership is undecidable. 


Proof. There exist sets of integers for which determining membership is 
undecidable. Let A be such a set with the condition that all its 
elements are at least 4. Let P be as in the above proposition. It is 
now clear that determining CEP is undecidable and hence membership in 


general is undecidable 


1.5.3 Remark. The structure of the set A is "encoded" in the structure 
of the class P by the use of cycles. This encoding scheme is sufficient 
to prove undecidability, but is not of much help in other computational 
complexity work. This is because the encoding of an integer n is 
essentially in unary requiring exponentially more "bits" than the log n 
typically required. The transformation is not polynomial. Stefan Burr 


{personal communication] recommended encoding integers by using 


ere Se ees ge r Se es we ee eee gee m ang rear] 


"start" "stop" 


l l 
| | 
| | 
| | 
| | 
| | 
| | 
| | 


Figure 1.7 
NN | 
"caterpillars"; see Figure 1.7. This method can encode bit strings in a 
polynomial (actually linear) fashion, but ís not exactly what we need 
for encoding in an intersection class because such classes are monotone. 
Thus, once a bit string is encoded we may be forced to include all 
strings which are "bit by bit less than" the one encoded. A modification 


of Burr's suggestion is presented here which will accomplish our 
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objectives. 


1.5.4 Definition. Let k,,k ke be integers with each k,=0 or k,24. 


12° * 
We define a graph Q(k,,--. sk) to consist of a path on t vertices: 
VIV Ve and for each i a cycle on K i vertices: 
vote a -1"Y1,0 with all V distinct. (In case k,=0 


i 
ree oe te NO E er OR Se ge 


Q(3,6,0,4) 


| | 
| | 
| | 
l | 
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| | 
| | 


Figure 1.8 
Ie ed 


there is no cycle.) See figure 1.8. Such a graph is called a Q-graph. 


1.5.5 Definition. Let n be a positive integer and n=Eha,2" "> is a 


representation of n in binary: 4,=1 and a,=0,1 (i=2,...,t). Put k,=a,+4. 
| 


n N 
"start" 1 1 0 1 stop 


| 
| 
| 
| 
| 
rona) = T(1101 yo) = Q16,5,5.4,5,7) | 
| 
| 


| 
| 
| 
| 
| 
| 
| 
| 
| 


Figure 1.9 
PD ED | 


Define the graph [(n) to be Q(6,k, Kas K 57). See figure 1.9. 
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1.5.6 Definition. Let G be a graph. We define the pruned subgraph of 
G, denoted 2G, recursively as follows: 

(1) If G has no vertices of degree 1, then nG=G, otherwise 

(2) If veV(G) with de LY) = 1 then nG = 1(G-v). 


Thus 1G is formed by iteratively deleting vertices of degree 1 
fron G. It is a routine exercise to verify that it does not matter in 
what order vertices of degree 1 are removed; therefore, t is well- 
defined. 


1.5.7 Proposition. If G is a Q-graph and H is connected with HSG, then 


TH is a Q-graph. 


Proof. If H is a tree, then nH=K,=0(0). If H has exactly one cycle, 
then TH=C, =Q(k) - Let HSG=Q(k,,---sk,) be connected with at least two 
cycles. Let x,~x,~...~x, be the "main path” in G. We may assume some 
of the x,'s are in H (otherwise H is acyclic) and those in H are 
consecutive (otherwise H would not be connected): ae 4 Re 
ISj<sSt. In TH we have the following "main" vertices: Ken, with 
1<jSp<q¢sst. (We have j<p, for example, in case the Rireyete attached 
at x j is not complete in H.) We may assume that the ki and kj cycles at 
x) and x, are complete in H. For r with p<r<q let n =k. if all vertices 
of the k cycle at x, are in H and n =0 otherwise. If follows that 
TH=Q(K, om +++ Ha -1 ko) M 

1.5.8 Definition. Let A be a set of positive integers. We define P(A) 
to be the set of all graphs G each of whose connected components H 
satisfy either: 

(1) npH=T(n) for some neA, or 


(2) TPH<T(n) for some n. 
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1.5.9 Proposition. If acz* then P(A) is an intersection class. 


Proof. Clearly P=P(A) is closed under disjoint union and hence 
possesses a composition series. Note that tp(pH)=apH and if G=H+...+H, 


then pG=pH,+...+pH,. It follows that pGeP implies GeP, hence P is 


closed under a It remains to show that P is monotone. 


Suppose G is connected, GeP and HSG. If H=G we are done. Suppose 
H<G. Since GST(n) for some n, we have TpHSpHSH<GST(n) hence H, whether 
connected or not, is also in P. If G is not connected, then this exact 
argument can be applied to each of its components and we conclude that 


P is an intersection class. 
1.5.10 Lemma. If HSG then pHSpG and wHSıG. 


Proof. If HSG and x and y are equivalent vertices of G in V(H) then 
clearly x and y are equivalent in H. Hence pH<pG. 


Next suppose veV(H). Clearly du (v)Sd, (v) and thus if do (vj=1l then 
either dy (v= or d,(v)=0. In the first case we note that v would be 
removed from H as well and in the second case, since mH has the same 


number of connected components as H, no problem can arise.]f 
1.5.11 Theorem. If AcZ then T(n)eP(A) if and only if neA. 


Proof. If neA it is immediate that T(n)eP(A). Suppose T(n)eP. Since 
T(n) is connected we know that mpl(n)=!(n') with n'eA or else 
npl(n)<T(n') with n' arbitrary. In the first case since wpl(n)=!(n) we 
have T(n)=f(n'). Clearly n=n' and hence neA. Suppose T(n)<f(n'). Both 
T(n) and T(n') have a 6- and 7-cycle which must correspond. The 
connecting path between these cycles must be of the same length. Next, 


in each position along the path we must have k,=k,' since different size 
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cycles cannot be one an induced subgraph of the other. Thus T(n)=!(n') 
contradicting T(n)<f(n'). Thus neA.] 


1.5.12 Definition. Let ACZ* and P=P(A) be fixed. We define two 


decision problems: 
e Problem Ap: Instance: a graph G. Question: Is GeP? 


° Problem Tt Instance: a finite multiset of integers M. Question: 


Is every element of M in Au{0)? 


1.5.13 Theorem. Ilp. [Problem U is transformable via a polynomial 


time deterministic algorithm to problem Ip.) 


Proof. We must exhibit a function (computable in polynomial time) 
p -pping every instance of U to an instance of Ip with the property 
that accepting instances correspond. Let M be a multiset of integers: 
M=[n.s...,n,]- Let G(M) be the graph with k=|M| connected components 
HH, with H; defined by: 

Ws = CgAK, if n,<0, 

K, if n=0, or 

T(n,), if n,>0. 
Given M, it is clear that we can compute G(M), an instance of Ip» in 
polynomial time. Suppose McAu{0}. Then each element of M is either 0 or 
in A and the corresponding component H of G(M) is either K,eP or T(n) 
for neA implying T(n)eP by 1.5.12. Since P is closed under disjoint 


union, G(M)eP. 


Conversely, suppose G(M)eP for some finite multiset M of 
integers. If W,SG(M) then G(M) is not in P since Ws is not. Hence all 
members of M are non-negative. Let xeM. If x#0 then x>0. Thus [(x) is 
a component of G(M) and thus T(x)eP and so xeA by 1.5.12. If follows 
that McAu{0}. Thus MI—G(M) is a polynomial time map with M an 
accepting input to I, if and only if G(M) is an accepting input to he 
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1.5.14 Theorem. pel, 


Proof. Let G be a graph. We construct a multiset M(G) as follows: If H 
is a connected graph let f(H) be defined by f(H) = 

n if npH=T(n) for some n, 

O if npH<T(n) for some n, or 

-1 otherwise. 
Now suppose G has connected components Hy»---sH. Put 
M(G)=[£(H,),f(H,).,.-.,£(H,)]- We claim that M(G) is computable in 
polynomial time. Since the identification of a graph's connected 
components can be accomplished in polynomial time, we need only verify 


that f can be computed in polynomial time. 


To begin we note that the function 7n can easily be computed in 
polynomial time—its definition is the algorithm! Likewise we can 


compute pG in polynomial time as follows: 


Algorithm: RHO 
Input: Graph G=(V,E) 
Output: pG 
(1) We assume G's vertices are Valwig Vas ev} Let E'=§. 
(2) FOR i=1 to n DO: 

(2a) FOR j=i+1 to n DO: 

(2a') IF adj(v,)u{v,} = adj(v 
put E'«E'ulv,v,}. 

(2b) NEXT j. 

(3) NEXT i. 


(4) Choose one vertex from each connected component of (V,E') and output 


)u{v,} THEN 


j j 


the induced subgraph of G on these vertices. 


It is immediate that RHO runs in polynomial time. The output is clearly 


pG since components of (V,E') are exactly the = equivalence classes. 
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Next we show how to recognize a Q-graph in polynomial time. 


Algorithm: QTEST 
Input: Connected Graph G 
Output: sequence of integers k,,...,k, with G=Q(k,,---,k,) or "REJECT" 


if no such sequence exists. 


[Note: a "REJECT" instruction below means to output "REJECT" and halt.] 
(1) If A(G)>4 then REJECT. 
(2) Find all vertices of degree 3. There should be exactly two. If so 
call them x and x'. If not, REJECT. 
(3) Find a shortest path from x to x'. Let t be its length. Let 
XEX ORT. RL be this path. Call all edges KX "forbidden". 
(4) For i=1 to t DO: 
(4a) Find all the vertices reachable from x, by non-forbidden 
edges. If none other than X put k,=0 and go to step (5). 
(4b) If any of these "reachable" vertices is another x, (ji) then 
REJECT. 
(4c) If these “reachable” vertices (together with x) form a k- 
cycle then let k =k, otherwise REJECT. 
(5) Next i. 
(6) Output the sequence Kus K 
The correctness and polynomial time complexity of the above algorithm 


are readily verifiable. 


We now give an algorithm to compute f(H) for connected H in 


polynomial time. 
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Algorithm: F 
Input: Connected graph H 
Output: f(H), as defined above 
(1) Let H'=npH. 
(2) Process H' using QTEST. If rejected, then output (-1) and halt. 
Otherwise, let Kue +e sk, be the output of algorithm QTEST. 
(3) If any k 28 OR if any k 26 with 1<i<t then output (-1) and halt. If 
any k,=3 then output (-1) and halt. 
(4) If Ki: K, 7 equals ... 
a) (6,6) output (-1) and halt, 
b) (7,7) output (-1) and halt, 
c) (7,6) "reverse" the string of k's. 
(5) If (k, ko sk) (6,5,7) then output (0) and halt. 
(6) Let N=0. 
(7) For j=2 to t-1 DO: 
(7a) If Kr then let N=2N. 
(7b) If kn then let N=2N+1. 
(7c) If k F445 then output (0) and halt. 
(8) Next j. 
(9) Output (N). 


Clearly the algorithm runs in polynomial time. It is routine to verify 
the correctness of this algorithm. Step 2 weeds out non-Q-graphs. Steps 
3 and 4 weed out graphs which cannot be a subgraph of a [-graph. In step 
5 we eliminate the “obvious” non-I-graphs. Steps 6 through 8 calculate 
N in case H'=T(N) or output O in case H' is not a T-graph, but a sub-I- 


graph. Thus the function f is computable in polynomial time. 


It remains to show that G is an accepting instance of Ip if and 
only if M(G) is an accepting instance of U Let G=H,+...+H, with each 
H, connected. Suppose GeP. Then £(H,)#-1 by definition of P. If 


i 
EUR, )=n>0, then pH =T (n) and neA. Thus £(H, )eAu{0} for all i. Thus 


By Hy ER 
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M(G) is an accepting input for U 


Conversely, suppose M(G) is an accepting input for I Then we 
see that f (H )eM(G)CAu{0)}. If f (H, )=0 then clearly H eP. Similarly, if 
f (H, )=n then mpH =T (n) and since neÂ we know that H eP. Thus G(M)eP and 
is therefore an accepting input for he 1 


1.5.15 Corollary. The (time) computational complexity of testing 
membership in an intersection class is polynomially equivalent to any 


arbitrary decision problem. 


Proof. By 1.5.13 and 1.5.14 Ip and IN are polynomially equivalent. 
Every decision problem can be expressed in the form "is xeA?" for some 
set of positive integers A. [Every instance can be encoded as a bit 
string which we may assume begins with a "1".] The computational 
complexity of 1, is polynomially equivalent to testing xeA, since we 
can check each member of M serially for membership in Au{0} accepting 


exactly in case all the individuals are accepted. 


1.5.16 Remark. Since every intersection class is also an injective 
intersection class, it follow that the above result applies to 
injective intersection classes as well. Similarly, we can consider 


P(A) to be a nerve class and extend the above to nerve classes. 
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2. INTERVAL NUMBER 


In the late 1950's the question was raised: What are the 
intersection graphs of real intervals (see [34])? Nathematicians were 
calling for a characterization of interval graphs. At about the same 
time, biologists were investigating the workings of heredity. It was 
understood that genes appeared sequentially on chromosomes, but their 
fine structure was unknown. Benzer [2] utilized the new graph theoretic 
concept of interval graph to assertain that the viral genes he was 
studying were linear. His work initiated the concept that genes were 


intervals on the genetic strand. 


This model went unchallenged until the late 1970's when Chambon 
[9] and others discovered genes which did not fit into this framework. 
They demonstrated that some genes were not single intervals on the DNA 
strand, but rather consisted of several disjoint intervals. A single 
gene may be the of a union of finitely many disjoint segments of DNA. 
Coincidentally in the mathematics community, researchers were 
generalizing the concept of interval graph to multiple interval graphs; 
graphs which are the intersection graphs of sets which are unions of 


intervals! (See [30] and [68].) 


In this chapter we will formally introduce the concept of multiple 


interval graphs and the interval number. 


A double interval is the union of two real intervals and a double 
interval graph is a graph which posseses an intersection representation 
by double intervals. Similarly, one can define a t-interval as the 
union of t real intervals and their intersection graphs are called t- 
interval graphs. The most fruitful concept in studying multiple 
interval graphs is the interval number of a graph which is the least t 
for which the given graph is a t-interval graph. 
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In this chapter we begin discuss the computation of the interval 


number and its relationship to other graph theoretic concepts. 
2.1 Computing the Interval Number 


In this section we formally introduce the interval number 
parameter and some of its relatives. We discuss its value for various 


classes of graphs. 


2.1.1 Definition. Let S be a family of sets and let t be a positive 
integer. The family tS is defined to be the family of all t-fold unions 
of sets in S, i.e., 


tS = {S,u...us : 


€ S,eS). 


Observe that 1S=S and that 1Sc2Sc3Sc,.. since in the definition 
of tS the B, need not be distinct. 


2.1.2 Definition. Let S be a family of sets and let G be a graph. The 
S-number of G, denoted S#(G), ís the least positive integer t such 
that GeQ(tS). If no such t exists we set S#(G)=«. 


2.1.3 Remark. We saw in chapter 1 (see, e.g., §1.2.16) that an 
intersection class of graphs may be represented by many different 
families of sets. We show in chapter 4 that if 2(S)=2(S'), then for 
all positive integers t we have Q(tS)=Q(tS'). (See $4.2.4.) Thus one 
can define S#(G) purely in terms of the family Q(S). We investigate 
this approach ín chapter 4. 


2.1.4 Proposition. If S is a family of sets and G is graph, then 
S4(G)=1 if and only if GeQ(S).§ 
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2.1.5 Definition. Let S be the family of real intervals, S=B'. For a 
positive integer t, a t-interval graph G is a member of Q(tS) and 
£:V(G)—tS is a t-interval representation for G. The interval number of 
a graph G is denoted i(G) and is given by 

i(G) = S#(G) = inflt: Ge2(tS))}. 


2.1.6 Remark. The interval number of a graph is always finite. 
Unfortunately, it is, in general, difficult to actually compute the 
interval number of a given graph. For any graph G the determination 
whether i(G)=1 is easy [7], but in all other cases computation of i(G) 


is NP-hard due to the following result of West and Shmoys: 


2.1.7 Theorem [79]. For every integer k22 the determination whether 
i(G)Sk is NP-complete.l 


2.1.8 Remark. It follows that a polynomial time algorithm for the 
computation of the interval number is unlikely to exist. Instead we can 
compute the interval number for certain families of graphs. For example 
ick )=1 trivially because complete graphs are interval graphs. The next 


easiest result concerns the interval number of trees. 


2.1.9 Definition. A tree T is called a caterpillar if after removing the 


vertices of T of degree 1, the remaining vertices form a path. 


2.1.10 Theorem (68). If T is a tree then i(T)=l if T is a caterpillar 
and i(T)=2 otherwise | 


Next we consider complete bipartite graphs. 
2.1.11 Theorem [68]. The interval number of K(n,m) is given by 


i(K(n,m)) = | (ntl )/(n+m) 1.1 
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Finally, the most impressive result along theses lines is the 
computation of the interval number for complete multipartite graphs by 
Hopkins, Trotter and West: 


2.1.12 Theorem [40]. Let n,2n,2...2n, be positive integers. Then 

i(K(n, Mos ... ms) = i(K(n, no)) 
most of the time, however if (n,,n,)=(7,5) or if (n, ,n,)=(g?-q-1,g) with 
q23 then one has 

i(K(n, Ha: g mp)? s i(K(n,,n 


and this inequality is sharp. 


2 ))+1 


2.1.13 Remark. Because of the intractable nature of the interval number, 
researchers have studies parameters closely related to interval number. 
Two such parameters that have been useful include the displayed interval 


number and the depth-r interval number which we now define. 


2.1.14 Definition. A t-interval representation f of a graph G is called 
displayed if for each veV(G) there is a non-empty open set 0,e£(v) so 
that for wfv we have £(w)n0 =t. The set 0, is the displayed portion of 
£(v). The least positive integer t for which a graph G has a displayed 
t-interval representation is called the displayed interval number of G 


and is denoted i*(G). 


The displayed interval number is very closely related to the 
interval number but is somewhat easier with which to work in inductive 
proofs. We present, after a definition, the main relationships between 

+ 
i and i.. 


2.1.15 Definition. Let G be a graph with vertices EASTEREIN AE We 


define the graph ct by adjoining n new vertices NINA: «> NA to G so 


that v “wi for i=1,...,n. See figure 2.1. 


i 
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Figure 2.1 


2.1.16 Theorem [62]. For all graphs, G, we have: 
i*(G) = 4(6*) 

and 
i(G) $ i*(G) < i(G)+1. 


Proof. Given a displayed i*(G)-interval representation for G, assign to 
each added vertex in ct an interval contained in the displayed portion 
of its (unique) neighbor in 6G. This gives an i*(G)-interval 
representation for ct. Thus i(@*)si*(s). Now given an 1(G°)- interval 
representation for c* we delete the intervals for the leaves in H 
giving a displayed i(G*)-interval representation for G. Thus 
i(G’)2i* (6). 

For the second relationship we note that GSH obviously implies 
i(G)Si(H) and thus i(G)Si(G*)=i'(G). Finally, if i(G)=t, by adding an 
extra disjoint interval for each vertex in G we can form a displayed 


(t+1)-interval representation for G. Hence i*(G)si(G)41.§ 


Thus precise information about C gives good information about i. 
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2.1.17 Definition. A t-interval representation of a graph G is said to 
have depth-r, where r is an integer, provided for every point x on the 
real line there are at most r vertices v in G for which xef(v). 


The least integer t for which G has a depth-r t-interval 
representation is called the depth-r interval number of G and is 


denoted i (©). In case we require the representation to be displayed as 


well we have i*(G). 


Of the depth-r parameters, i, is the most useful because it is the 
easiest to estimate. Indeed for integers r23 and k22 West and Shmoys' 
proof [79] shows that determining if i (G)Sk is NP-complete. Depth-1, 
although well defined, is a vacuous concept because we have i,(G)=1 in 


case G consists of only isolated vertices, and i,(G)== otherwise. 


2.1.18 Theorem. For any graph G and any integer r we have, 
i (6) 2 14, (©) 2 i(G), 


i*(6) = i (6), and 


+ 
i (©) s i (G6) s i (G)+1. 


Proof. The first result is immediate since depth-r implies depth-(r+1). 
The other two results follow by analogy to 2.1.16. 


2.1.19 Theorem. If G is a graph whose maximum clique is of size w(G)Sr, 
then i .(G)=i(G). 


Proof. Since w(G)Sr any t-interval representation of G is necessarily 


depth-r because if some point xeR were contained in f(v) for r+1 


vertices v those vertices would necessarily form a clique of size r+1.Ï 
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2.1.20 Theorem. If G is a graph, then i,(G) < (w(G)-1)i(G). 


Proof. Let r=w(G), so 1_(G)=i(G). Form a depth-r i(G)-interval 
representation for G. One can imagine a drawing of such a representation 
as occupying r "layers" in which each interval lies in one of the layers 
and meets no other interval in its layer. Call the layers baba ssh 
Now all edges represented by edges between a pair of layers can be 
represented in a depth-2 fashion by "recopying" the two layers in an 
unused portion of the line. If we do this in all 5) possilbe ways, we 

arrive at a depth-2 representation for G. One checks that each layer is 


recopied exactly r-1 times. 
2.2 Interval Number Versus Graph Theory 


In this section we discuss the relationship between the interval 


number of a graph and other graph theoretic notions. 


2.2.1 Theorem [29]. If G is a graph with n=|V(G)| then 
1(G) > (dar) 
and this inequality is sharp. 


2.2.2 Theorem [30]. If G is a graph with m=|E(G)|, then 


i(G) < vo. 


2.2.3 Theorem [29]. If G is a graph with maximum degree A=A(G), then 
ia (G) $ [RAID 
Equality holds in case G is regular. 


2.2.4 Theorem [30]. Let G be a graph with n=|V(G)| and m=|E(G)|. Then 


ia(G) 2 (mR 
and this inequality is sharp. 
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How good is this estimate? Let H be a graph with large interval 
number and let G=H+pK,, where p is very large. Then for G the ratio 
(m+1)/n can be made arbitrarily close to 0. One is then led to ask: 
Suppose G were connected, or had large connectivity Kk, is the above 
estimate more useful? Unfortunately, the above formula cannot be 


guaranteed to provide a close estimate: 


Let Koks X, be disjoint finite sets with [SISIR lep and 
=k for 3Siss. Let G be the graph defined by: 

V(G) = Xu.. -UX 

E(G) = (vw: vex, and wek, 
We assume s>>p>>k. Observe that G is triangle-free, «x(G)=k and i(G) 
i,(G) 2 iK, p) 2 4p. However, n = |V(G)| = 2p+(s-2)k and m = |E(G)| 
p?+(s-1)k?. Thus (mt1)/n = [p?+(s-2)k?+1]/[2pt(s-2)k] < k+l for s 


sufficiently large. 


Ix, 


for some i, 1SiSs-1}. 


A much more accurate estimate for i,(G) involves the arboricity of 


a graph which we define now: 


2.2.5 Definition. Let G=(V,E) be a graph. The arboricity of G, denoted 
T(G), is the least positive integer a so that E=E UE U.. UEa and (V,E,) 


is a tree for i=1,2,...,a. 


2.2.6 Theorem [67]. For any graph G 
156) < T(G)+1. 


Proof. Let a=T(G) and let E=E VE, 
trees. Let v,eV(G). For each tree T‚=(V,E,) let all edges be directed 
toward və. Thus each edge has out-degree at most 1 in Tis i=l,...,a. 
Assign to each vertex in G an interval so that these "primary" intervals 
are disjoint. Notice that the intervals have non-empty interior-they are 


dislayed. For each i, a vertex v has a unique neighbor w in T, with 


U...VE, be a covering of G's edges by 
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vw. Place an interval for v in the displayed portion of w's primary 
interval. (Notice that the representation is still displayed.) 
Continuing this procedure for each vertex and each i=1,2,...,a we form a 
displayed (atl)-interval representation with depth-2 for G. See figure 
2.2.8 


| c | 
| | 
| Va Va | 
| | 
| | 
| Vs Va | 
| Va Va un | 
— 
| Ve vi Va Va Va | 
| | 


Figure 2.2 


2.2.7 Theorem [11,54,55]. Let G be a graph. 
T(G) = max{ |E(H)|/{{V(H)|-1): HsG}.§J 


2.2.8 Theorem. Let G be a graph, then 
i,(G) 2 T(G)-1. 


Proof. By 2.2.7 there is an HSG with n=|V(H)|, m=jE(H)| and 
T(G)=/m/(n-1)). Also i2(G) 2 i,(H) 2 | (m+1)/n] by 2.2.4. The 


result follows once we show | (m+1)/n] 2 ja/(n-1)} 1. Suppose 


| m/s) < ja/ (n-1)]-1 = | (m/(n-1)] N. 

Thus 
[[(m+1) (n-1)]/[n(n-1)]} < | [(m-n+1)(m)]/[n(n-1)]), or 
(m+1)(n-1) < (m-n+l)(n), or 
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mn+n-m-1 < mn-n?+n, or 
-m-1 < -n?, or 
m > n?-1. 
But ms („)=in(n-1) which would imply 
4(n)(n-1) > (n-1)(n+1), or 
in > n+l 
which is impossible.J 


2.2.9 Corollary. For any graph G, |i2(G) - T(G)| < 1. 
Proof. Immediate from 2.2.6 and 2.2.8 since Tecty=Tcc).B 


2.2.10 Remark. The above corollary is important in two respects. First 
it establishes the very close relationship between i, and T. More 
importantly, however, is that the arboricity is readily 
computable-Kameda [42] and Edmonds [11] give polynomial time algorithms 
for its determination. Since i,=i for triangle-free graphs and i,2i 


always, this result is very useful. 


The inequalities implicit in 2.2.9 are sharp and i,(G)-T(G) can 
take on each of the values -1,0,+1 as the following examples show: 
(1) Let G be a caterpillar. Then i,(G) = T(G) = 1. 


(2) Let GK; 5° Then i,(G)=2 and T(G)=3. 


(3) Let G=(K, K By 5.2.7 we will see that i,(G)=3. It is readily 
L 
verified that T(G)=2. 


For triangle-free graphs G we know i,(G)=i(G) and so 2.2.3, 2.2.4 
and 2.2.9 provide excellent information on the interval number of such 
graphs. On the other end of the graph theory spectrum from triangle- 
free graphs are the chordal graphs. Since chordal graphs without 
asteroidal triples are the interval graphs (see §1.1.11) one might 


suspect that chordal graphs would have bounded interval number. This, 
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however, is false. The key ideas in the following argument are due to 


Trotter: 


2.2.11 Theorem [67]. For every positive integer t there exists a chordal 
graph G with i(G)>t. 


Proof. Let t be a fixed positive integer and let n=(t+1)(2t+1)+1. 
Define a graph G with vertex set XuY where: 

X= {x)5-.-5%))} and 

Y= LY Ic{l,...,n) and |I|=t+1}. 
Furthermore, we let X be an independent set and Y be a clique and R 
if and only if iel. Observe that G is chordal (indeed, G is a split 
graph). Suppose i(G)St and fix a t-interval representation f for G. 


In this representation the (at most) nt intervals for the vertices 
in X are pairwise disjoint and therefore appear in some order on the 


real line. Define a graph H with V(H)=X and a in H if and only if 


some interval for x, is immediately adjacent to some interval for x, in 


f. Observe that [V(H)|=n and A(H)S2t. We claim that a(H)>t: 


Construct an independent set of cardinality t+1 in H as follows: 


Choose x, eX;=X. It has at most 2t neighbors in H. Delete x and its 
1 1 


neighbors from X, and choose: 
XX = Kırtz, Jradjlx, )- 
Continue in this fashion choosing 
eX =X .-{x }-adj (x 1. 
1 “1 “i 1 
p P P “pel p-1 
Observe that {x, X, »---} forms an independent set in H. Since 


1 2 
IX, 2 li 2 n-p(2t+1), 
we see that X44! 2 n-(t+1)(2t+1) 2 1. Thus LLL and so we can 
construct an independent set of vertices of cardinality t+1. 


x 


Thus we can find a Jef{l,...,n}) so that |Jj=t+1 and LS, jeJ} is 
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independent in H. Suppose f(y ,)=I,U...ul We check that each I, can 


t’ 
intersect at most one of £(x,) with jeJ. This is now impossible since 


y, is adjacent to t+1 vertices x, jeJ.B 


2.2.12 Remark. For both chordal graphs and triangle-free graphs one 
cannot bound the interval number. The usual examples in the latter case 
are the complete bipartite graphs. It is therefore logical to ask what 
bounds can be placed on the interval number of a graph with given girth 
(length of shortest cycle). For graphs with girth 3 and 4 we know that 
there is no bound on the interval number. This remains true for graphs 


with arbitrary girth: 


2.2.13 Theorem. Given positive integers g23 and t there exists a graph G 
with girth g and i(G)2t. ' 


Proof. It is known that there exist k-regular graphs with arbitrary 
girth [14]. Such a graph has interval number Hal 


Next we relate the interval number to the intersection number 


which we define presently. 


2.2.14 Definition. Let G be a graph with V(G)={v,,---»v,} and £:V(G)—S 
be an intersection representation. Denote by Uf the union 
f(v,)u...uf(v,). The intersection number of G, denoted I(G), is the 
smallest integer t for which there exists a representation f for G with 


|UE|=t. 


2.2.15 Theorem [13]. The intersection number of a graph G equals the 
size of a minimal edge cover by cliques, i.e. E(G)=E U. . -UET (61 and 
(V(G),E, 
exists. 


) is a clique plus isolated vertices and no smaller cover 
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2.2.16 For any graph G we have i(G) < [#(1+1(6))}. 


Proof. Let f, be a representation of G with f,(v)¢{1,...,I(G)) for all 
veV(G). We define a multiple interval representation f for G putting 
f(v) to be a minimal collection of intervals containing f,(v) and no 
other integers. For example, if f,(v)={2,3,4,6,8,9} then put 
f(v)=[2,4]u[5.9,6.1]u [8,9]. Clearly f is a multiple interval 
representation for G and in the worst case we have, for example, 
f,(v)={1,3,5,...}. Then f(v) contains UAH intervals. 


2.2.17 Remark. We have seen that there are several graph parameters 
which convey information about the interval number (such as |V|, |E], T, 
% and A) and several which do not (such as x, a, girth and X). We 


consider the effect of various graph operations on the interval number 


next. 
2.2.18 Theorem. There is no relationship between i(G) and i(G). 


Proof. If G=2K then i(G)=l, but i(G)=i(K, | )2dn. If G=K then 
i(G)=i(G)=1.§ 

2.2.19 Theorem. For any graph G its subdivision satisfies i(BG)S2. 
Proof. Obvious. 

2.2.20 Theorem. For any graph G its line graph satisfies í(L(G))S2. 
Proof. Let V(G)={v,,...,v,} and define f:V(G)—2B* by: 


£v,v,) = [i-4,i+4) u [j-3,j+2]. 


Clearly f is a 2-interval representation for G.E 
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2.2.21 Theorem. For any integer t there exist interval graphs G and H so 
that i(GvH)=t (see Definition 0.2.6 for join). 


Proof. nk, vak =K, Ñ | 


m 
2.2.22 Definition. Let G, and G, be graphs. Their product, denoted 
G,xG,, is given by: 

V(G,xG,) = V(G,)xV(G,), and 

(x.,X2)~(yi,y2) if and only if either x,~x, and y,=y2, or else 


Xı=X2 and yi~y2. 


One checks that this product is associative. For a positive 
integer n one defines GP by: 

el =G, and 

G? = lc, for mi. 
2.2.23 Theorem. For all graphs G, and G, we have i(6,x6,) S i(G,)+i(G2). 


Proof. Let i(6,)=k,, j=1,2. One can represent the edges of the form 
(x,z)(y,z) using k, intervals per vertex since this subgraph consists of 
|V(G,)| disjoint copies of G,. Similarly we can represent the edges of 
the form (x,y)(x,z) with k, intervals per vertex and the result 
follows. 


2.2.24 Remark. The k-cube is defined by (K,)* and the above result 
implies that its interval number is at most k. However, it is known [30] 
that its interval number is UA) . Nevertheless, the above result 


is sharp in the following strong sense: 


2.2.25 Theorem. For every pair of positive integers k,,k, there exists 


graphs with i(G,)=k,, j=1,2 and i(G,xG,) = k,+k, 


3 j 
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Proof. Let P, denote the path graph with n vertices and PP). Let 


= k E K , 5 
va COFI P) and e OFE CPD I We determine the functions Va and en: 


Since pKopkl, 
n n 
va ®© = nv (k-1), and 
eK) = ne (k-1) + (n-1)v_ (k-1). 
Given that ven and e,(1)=n-1 one checks (e.g. by induction) that the 


P one has: 


solution to the above recurrence relation is: 


v (k) = nk, and 
e (k) = kapa |, 


We consider the case n>k and claim icpky=k. 


Since px is triangle-free we have by 2.2.4: 


k k 
iP) = iP) 2 

2 jie (k)+1]/v, kd] = 

= kan 41/0") 2 

2 [k(a-1)/n] = jk - k/n] =k. 


Thus i(P\)2k, but by 2.2.23, i(P*)sk, proving the claim. 


Now given k,,k,, let n=k,+k,+1, pet and gP. Thus i(G Dek, 
and 1 [LPO c )=ki+k2 A 


We conclude with a tabluation of interval number formulae and 


relations (some will be proved in later sections). 


Interval Number 62.2.25 
Interval Number Formulae 


i(G):=inf(t: GeQ(t{[a,b]: a,beR, a<b})} 
i(6*y=i*(6) 
i(G)si* (6161 (6101 
ia (G)Zi, (G)2. . .2i (G) 
i, (G)S(w(G)-1)i (G) 
i(K,)=1 
=lan) 
i (K )=31n/(r-1)]+0(n) 


i(K, | (nm+1)/(n+m)} 
i(T)s2, T a tree 

4 (G)S | VIVI) 
i(G)S/|E(G) | 


i2 (G)S 1 HMG), 


ia (G)2/ (1E(G)14+1)/1V(G) |} 
Jia (G)-T(G) |sı 


i(6)$/2(141(6))} 

i(G)s3, G planar 

i(G)SV(3%(G)), G non-planar (%>0) 
i(G+H)=max{i(G),i(H)} 
i(GxH)Si(G)+i(H), i(pf)=k for k<n 
i(BG)s2 

i(L(G))s2 
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In this chapter we discuss two problems both of which concern the 
behavior of parameters closely related to the interval number. The 
first deals with calculating the depth-r interval number for complete 
graphs. The second concerns the inefficiency of "non-redundant" 


multiple interval representations. 
3.1 Depth-r Interval Number of Complete Graphs 


The interval number of Ka is clearly 1; we simply assign the same 
interval, say [0,1], to all the vertices. However, if we require a 
multiple interval representation of Ka to have depth less than n, the 
Helly property ($3.2.1) implies that one interval per vertex will not 
suffice. We attack the problem of computing iE): In case r=2 we 
give exact results. For r>2 we give upper and lower bounds that are 


close together. 


3.1.1 Theorem. i,(K) = Kk 
Proof. It is well known that the edges of Ka can be covered by kat 
paths. Since paths are triangle-free interval graphs we know that 


i2(K,)s U ; 


Suppose we have a depth-2 t-interval representation for Ko: There 
are a total of nt intervals. The maximum number of edges these 
intervals can form can be enumerated by counting left endpoints; every 
intersection of two intervals contains exactly one left endpoint. There 
are nt left endpoints and the very leftmost cannot be contained in 
another interval. Hence we can represent at most nt-1 edges. Thus, 

nt - 12 (9), 

nt 2 $(n)(n-1) + 1, and hence 
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t 2 #(n-1) + 1/n. 
Since t is an integer we have: 
t 2 [300-1 + 1/n) = KR 


Thus we have an exact value for iz K) We now consider greater 


depth. First a lower bound: 
2 richel , r 
3.1.2 Theorem. iK) 2 Hem + mi 


Proof. Choose a t-interval depth-r representation for Ka’ We enumerate 
the maximum number of edges we can represent. Each left endpoint of the 
nt intervals is contained in at most r-l intervals without violating 
depth-r. However, the very leftmost left endpoint is in O other 
intervals, the next left endpoint is in at most 1 other interval, the 
next in at most 2, etc. Thus the first r-l intervals (ordered by left 
endpoints) make (r-1), (r-2),..., 2, 1 fewer intersections than the 
maximum r-1 possible; this gives a total deficiency of Gi; Hence, 


zn E a rY 
JE] = (3) $ nt(r-1) - (3). 
Thus, nt(r-1) 2 © + (2); or 
n-1 r 
t 2 377 + <) 
and since t is an integer, 


nz al, Ean 
t 2 U Y 71 


In case r=2 this expression reduces to U in agreement with 
3.1.1. 


The first inequality in the above proof was independently found in 
[50]. The approach there was slightly different. It was shown that for a 


graph G with n vertices, m edges and maximum clique of size w that: 
r mtłw(w-1) 3 
i(G) s | a-i N 


Next we obtain a recursive upper bound: 
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r rn 1 


Proof. We first partition the vertices of Ka into r roughly equal size 
sets, each with at most NO vertices. The edges joining vertices 


within each one of these sets form an [a/r] -clique and we form a 


depth-r representation for these cliques with at most i Kra Jr? 
I 


intervals per vertex. The edges we have yet to represent join vertices 
in different parts, i.e., they form a complete multipartite graph G with 
r parts and each part of size at most LIE 


clique in G has r vertices and therefore i (6)=i(6). By Theorem 2.1.12 


The largest possible 


we can represent these edges using UI intervals per 
vertex. Since every edge of Ka is either within one of the r sets or 


between a pair, the result follows. 


In spite of the repeated use of the ceiling function we can obtain 
an upper bound in closed form. We first derive a less precise recursive 


upper bound: 


r PER 
3.1.4 Theorem. i(k.) < LK aye) + j2Cin/rj+1), +1. 


Proof. We partition the vertices of Ka into r parts with exactly 


lare) vertices and one “remainder” part with the remaining <r 
vertices. As in the previous proof we represent the edges inside the 


sel 
pieces of size jn/r; with 1) yr) intervals per vertex and 


between those pieces with radarin] intervals per vertex and not 
violate the depth-r restriction. We still need to represent the edges 
inside the "remainder", and between the "remainder" and the rest of the 


graph. This can be done with one interval per vertex as shown in Figure 
3.1.8 
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all other vertices 


7 


<r 


"remainder" vertices 


Figure 3.1 


3.1.5 Remark. the estimate in $3.1.3 is, in general, better than that 
of 83.1.4. By 83.1.3 we have i,(K,)S3 but by 83.1.4 we have i,(K,)S4. 
The advantage of the latter result is that it is more tractable in 
deriving a closed-form upper bound. 


R r 1 
3.1.6 Theorem. iK) $ 2(r-1) + 2) log n| + 1. 


Proof. We observe that [a/b] S (atb-1)/b and that PS S a/b for 


all positive integers a and b. Fix r. Let f(x) = 1 (Kl D- We 
LX 


therefore have, 
f(n) < £(n/r) + j2((a/r)+2)) +15 
S f(n/r) + 3(n/r +1+1) +412 
= f(n/r) + n/2r + 2. 
1 


We expand this recurrence relation to [108,2] terms: 


f(n) S (n/2r + n/2r? + n/2r? +...) + (2 +2 +... + 2) + £(e) 
with eSl. Thus, 
n 1 r 1 å 
f(n) s GG) + 2) log nf +1: 


á an r 1 
ST + 2; log n) + 1.9 


This can be improved, of course, if n is a power of r: 
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3.1.7 Theorem. If n is a power of r then iK) s Eb + e(log,n) 
with c=1 if n is even and c=} if n is odd. 


Proof. Let f(k) =i (K ) for ner". By 3.1.3, 
£(k) S £(k-1) + Hakan < 
< £(k-1) + KL 4e 
with c equal to 1 or 3 as r is even or odd. Expanding we obtain: 
E(k) S Ark le) + Cark Zac) + … + (rc) = 
_ Achel 


For n>>r the upper and lower bound are assymptotically the same: 
3.1.8 Corollary. For r fixed we have i(k) = HED + o(n). 
Proof. Immediate from 3.1.2 and 3.1.6.1 


3.1.9 Remark. None of the formulae in the upper and lower bounds give a 


correct expression for i Ea) A non-trivial example is the calculation 


of i,(Ke). By $3.1.2 i,(K,) 2 [20/2 + 3/8) = [31/16] = 2. The 
fraction 31/16 is already very close to 2 and as a result there is very 


little "flexibility" in constructing a depth-3 2-interval representation 


Figure 3.2 


of K,. Such a representation appears in Figure 3.2. As we saw, 
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however, in 83.1.5 the best upper bound estimate for i,(K,) is 3. This 
might lead one to conjecture that the lower bound formula always gives 


iK). This, however, is false as we shall see in section 3.2. 


We have a good idea of the behavior of iK) when n>>r. We 


conclude this section with a simple result for when r is "large". 
3.1.10 Theorem. For n>r>n/2 we have i Ep) = 2. 


Proof. We construct a 2-interval representation of K, with depth 
r=! gn! 41. If r'<r, clearly r'S4n and the theorem will follow. Number 
the vertices of K from 1 ton. Assign to vertices 1 through lan! the 
same interval, say [0,1]. To the remaining U vertices assign non- 


overlapping intervals inside [0,1] and also, to those last jan). the 


| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 


Figure 3.3 
a et ed 
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interval [2,3]. See Figure 3.3. Observe that this is a 2-interval 
representation of K_ with depth lana 


3.2 Variations on Helly's Theorem 


Relatively little of interest can be said about an interval 
representation of a complete graph. The most interesting is Helly's 


theorem: 


3.2.1 Theorem [37]. Given a finite family of real intervals which 
intersect pairwise, there exists a real number which is contained in all 


of these intervals. 
This can be rephrased as follows: 
3.2.2 Corollary. Every l-interval representation of Ka has depth-n.J 


The results of the previous section can be used to extend this 


observation to multiple interval representations of Ka’ 


3.2.3 Theorem. Every t-interval representation of Ka has depth 
exceeding n/2t. 


Proof. By 3.1.2 we compute: 
raal , 2, n-1 
t 2 i) 2 tO + m| > ED- 
Hence, (r-1) > (n-1)/2t, or r > (n-1)/2t + 1 > n/2t.Ï 


3.2.4 Remark. Theorem 3.2.3 can be viewed as a Ramsey-type theorem: for 
fixed t, a t-interval representation of K must contain a "large" 
accumulation of intervals at one point on the real line. The relative 
size of this accumulation is independent of n. A t-interval 


representation of K. cannot be randomly scattered but must "pile" up in 
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locations. A similar result has been proved in [31]. Our notation is an 


adaptation of theirs: 


3.2.5 Definition. Let f:V(G)—S be a intersection representation. A 
transversal for f is a set of points P, so that f(v)nP#§ for all 
veV(G). Denote by t(f) the minimum cardinality of a transversal for f. 


3.2.6 Definition. Let t be a positive integer. Denote by L*(t) the least 
positive integer so that if f is any t-interval representation for a 
complete graph, then t(f)sL*(t). In symbols, 

L*(t) = sup{t(f): £:K —tB' is a representation} 


The surprise is: 
3.2.7 Theorem [31]. L*(t) is finite for every positive integer t.f 


3.2.8 Remark. For t=] we have L*(1)=1, which is Helly's theorem. [31] 
shows that L*(2)=3. This implies that for every 2-interval 
representation of Ka we have three points such that each "interval pair" 
meets at least one of these points. Hence, the depth at one of these 
points must be at least n/3. By §3.2.3 we only knew that the depth of 


this representation must exceed n/4. 


That L*(2)=3 implies that the lower bound in Theorem 3.1.2 is not 
the "true" formula for i (Kp) For example, consider is(Kıs). By 3.1.2 


we have is (Kis)S/4(18/5 + 6/19)] = [186/97] = 2. Since 19/3>6, in 
any 2-interval representation of Kis, the depth must be at least 7. Thus 
ig(K,,)>2 and the formula in §3.1.2 does not give i Ko): 


{31} proves that L*(t) is finite by giving an upper bound. 
Unfortunately, this bound grows superexponentially and it seems doubtful 
that L* should grow that fast. Indeed, based on Theorem 3.2.3 and that 
L*(1)=1 and L*(2)=3, we venture the following: 
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3.2.9 Conjecture. L*(t)S2t. Perhaps even L*(t)=2t-1. 

Unfortunately, the computation of L* values seems quite difficult. 
3.3 Non-redundant Interval Representations 


When two real intervals intersect, the intersection is an 
interval. However, if two double intervals meet, the intersection may 
consist of 1, 2 or 3 intervals. In a multiple interval representation of 
a graph it is only necessary for one interval assigned to a vertex to 
meet one interval of an adjacent vertex. Any additional intersections 
are permitted, but are "superfluous" or "redundant". If we disallow 
"redundancies" in multiple interval representations we arrive at the 
concept of non-redundant multiple interval representation. Every 
l-interval representation is necessarily non-redundant. The same 
statement for multiple interval representations is obviously false. We 
ask instead: is there any "harm" in requiring multiple interval 
representations to be non-redundant? More precisely, if G has a t- 
interval representation, does it also possess a non-redundant t-interval 
representation? We shall see that the answer is "no" and that the 


"harm" can be devastating. 


3.3.1 Definition. A t-interval representation of graph f:V(G)—tB! is 
non-redundant if f(v)nf(w) is either empty or an interval for all 


vertices viw. 


3.3.2 Definition. Let G be a graph. The non-redundant interval number 
of G, denoted NRI(G), is the least positive integer t for which G has a 


non-redundant t-interval representation. 


Clearly NRI(G)2i(G) since a non-redundant t-interval 


representation is, by definition, a t-interval representation. However, 
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it is not necessary that i(G)2NRI(G), as we now see. 


3.3.3 Definition. Let G be a graph. We say that G is t-tight if every t- 
interval representation of G, f:V(G)—tB*, has the property that the 
union of all the sets f(v), Uf, is a single interval. 


3.3.4 Lemma [79]. K, , is 2-tight .§ 
3 
This can be verified by noting that if there is any gap in a 
2-interval representation for K, 5? then at most 14 edges can be 


represented. 


Also, it can be easily verified that any vertex of K, 5 can appear 
$ 
as the "first" interval (ordered by left endpoint) in a 2-interval 


representation for K 
3:5 
3.3.5 Theorem. There exists a graph G for which i(G)<NRI(G). 


Proof. We explicitly construct such a graph. Let G be the graph 
consisting of 4 disjoint copies of K3 5? each with a distinguished 
vertex, plus two additional vertices x and y which are adjacent to each 
other and to each of the four distinguished vertices. See Figure 3.4. 
Recalling the last sentence of 3.3.4 it is now easy to see that i(G)=2. 
Such a representation appears in Figure 3.5. Since the K3, 5 5 are 
2-tight they must appear as unbroken intervals in G's interval 
representation. In order for x and y to be adjacent to the four 
distinguished vertices their intervals must span the two gaps between 
the first and last pairs of K, 5'5 as they sit on the real line. Thus 
the edge xy must be represented "twice" in every 2-interval 
representation of G. Thus G has no non-redundant 2-interval 


representation and hence NRI(G)>i(G)=2.§ 
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Figure 3.4 


x 


| | 
| x | 
| Ä | 
See | 
I *3,5 y Kas Kos y Kas | 
| | 
| | 
| | 


Figure 3.5 


3.3.6 Remark. It is trivial to show that NRI(G)=3 for the graph in the 
preceding proof. It can easily be shown that Kot-1,2t+1 ís t-tight and 
we can construct graphs G with i(G)=t and NRI(G)=t+1 for every integer 
t22 by analogy with our construction in $3.3.5. 

The 2-tightness of Kas was critical in constructing the previous 
example. Clearly no t-tight graph is also (t+1l)-tight. Hence the 


structure, which forced an edge such as xy in our example to be 
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represented "more than once" in a t-interval representation, evaporates 
in a (t+1)-interval representation. One is led to suspect that the non- 
redundant interval number might satisfy: NRI(G)si(G)+1. Indeed, nothing 
could be further from the truth: 


3.3.7 Theorem. For every positive integer t there exists a graph G with 
i(G)=2 and NRI(G)>t. 


The proof relies on a repeated use of the following 


"probabilistic" pigeon-hole result. 


3.3.8 Lemma. Let O<e<l and =£. Let C(1),C(2),...,C(p) be disjoint 
finite sets each of cardinality q, and let C(*) denote their union. 
Suppose ScC(*) and |S|2e|C(*)|=epq. Then the number of indices k for 
which 
(1) [SnC(k) [26 [C(k) |=öq 
is at least dp, i.e. 

Ik: [SnC(k)|25/C(k){}] 2 Sp. 


Proof. Suppose fewer than Sp of the C(k) satisfy (1). That means up to 
öp-1 of the C(k) can have "a lot" (but at most q=|C(k)|) of their 
elements in S while the remaining p-6ptl C(k)'s can have at most 6q-1 
elements in S. Thus, 
[S| < (6p-1)q + (p-ôp+1)(6q-1) = 

= öpq - q + põq - 6°pq + 6q - p+ Bp -1 = 

= 2öpq - (1-8)p - (1-5)q - pq - 1 < 

< 26pq = epq. 
But |S|2epg by hypothesis and the lemma follows. 
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3.3.9 Proof of 3.3.7. We define graphs G(n,m,q), where n,m,q are 
positive integers, as follows: The vertices of G{n,m,q) are triples of 
integers (i,j,k) with 1SiSn, 1SjSm and 1Sksq. In symbols, 
V(G(n,m,q)) = {1,...,n} x {1,...,m} x (1,...,q}. 

We put (i,j,k)-(i',j',k') if and only if i=i' or j=j'. (Notice that 
adjacency does not involve the third coordinate. Thus (i,j,k)2(i,j,k') 
for all i,j,k,k'.) One readily verifies that pG(n,m,q)=K xk . Thus 
i(G(n,m,q)) = i(pG(n,m,q)) = i(K xK,) $ iK DHK) = 2. In case n‚m>1, 
then C,SG(n,m,q) and so i(G(n,m,q))=2. 


Let t be a positive integer. We show that for suitable n,m,,g, we 
have NRI(G(n,m),q,))>t. Here suitable will entail t<<n<<m,<<g,. In 
particular, we may choose 

n = 12t 

n 

m, = 2(4t) 


de = 2(at)ott 
Let G,=G(n,mg,qo). Observe that for all i,j the set of vertices 
C,(i,j)={(i,j,k):1sksq,} is a clique containing qe vertices. Also 
Ce(i,*)=C,(i,1)U...uC,(i,m,) is a clique with meq, vertices and 
C,(*,j)=C,(1,j)v...uC,(n,j) is a clique with nq, vertices. 


Suppose NRI(G,)St. Fix a t-interval non-redundant representation f 
for Ge. Let e=1/(2t) and 6=4e. Consider the clique C,(1,*). By 3.2.3 
its representation in f has depth at least e|C,(1,*)|=em,q,. Thus some 
point x, on the real line is contained in intervals for at least emoqe 
vertices of C,(1,*). We call the intervals containing the point x, a 
stack and we denote the collection S(x,). If a vertex in C,(1,*) has an 
interval in the stack S(x,) then we call that interval primary and the 
remaining t-l intervals assigned to it secondary. Since em,qe of the 
vertices in C,(1,*) have a (primary) interval in the stack S(x,), the 
lemma implies that at least ôm, of the cliques C,(1,j) have at least öq, 
vertices with (primary) intervals in stack S(x,). We may assume, by 
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‘-nropriate relabelling, that this is true for cliques 
Co(1,1),...,Co(1,5m,_). 


We now restrict our attention to an induced subgraph G, of G. Put 
m =m, q,=5q, and G,=G(n,m,,q,;). (We do not alter f, but merely focus 
on its representation of G,.) By analogy we define C,(i,j), C,(i,*) and 
C,(*,j). Notice that by our analysis above all vertices in C,(1,*) have 
a (primary) interval containing x,. We now repeat the above analysis for 
C,(2,*): Some point x, on the real line contains intervals S(x,) from 
at least e€m,q,; of the vertices in C,(2,*) and so, we may assume that 
cliques C,(2,1),...,C,(2,6m,) each have at least ôq, vertices with 
(primary) intervals in stack S(x). Put m2=öm, and q2=5q,. We let 
G.=G(n,m2,q2) and note that it has the property that all vertices in 
C,(1,*) and C,(2,*) have primary intervals in stacks S(x,) and S(x,) 


respectively. 


We now continue to define G,, G,, etc. After n iterations we have 


nem =5" my and ged Ba: and G=G_=G(n,m,q)- For all i=1,...,n we have 
that all mq vertices in Cli,*)=C, (i,*) have primary intervals containing 
the point X;- 


Suppose vertices v and w are in some clique C(i,*). Thus their 
primary intervals intersect. By the non-redundancy assumption the 2(t-1) 


secondary intervals assigned to v and w are therefore disjoint. 


Without loss of generality we may assume KRS One now 
checks that no primary interval containing x, can contain Xj! for any 
i'fi; otherwise some vertex in C(i,j) (for some j) is adjacent to all 
vertices in C(i',*), including those in C(i',j') for some j'#j (since 
m=6"m,=2, this is possible). This, however, is a contradiction since for 
no k,k' is (i,j,k)~(i',j',k') when ifi' and j#j'. It follows that if 
li-i'|>1 then the primary intervals for (i,j,k) and (i',j',k') are 
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disjoint. In other words, primary intervals from non-consecutive stacks 


S(x,) and S(x,.) cannot intersect. 


We now consider the clique C(*,1). It has nq vertices. By the 
usual argument there is a point y on the real line containing eng 
intervals from C(*,1). Moreover, at least 6n of the cliques C(i,1) have 
at least 5q vertices in the stack S(y). Note that 6n=3. Thus there exist 
indices i and i' with |i-i'|>1 so that cliques C(i,1) and C(i',1) have 
at least 8q=8"* 9,22 intervals in stack S(y). Since 6q=2>1, these 
intervals must be primary because of the non-redundancy assumption. 
This, however, is a contradiction, since primary intervals from non- 


consecutive stacks are necessarily disjoint. 


3.3.10 Remark. This result is best possible; i(G)=1 if and only if 
NRI(G)=1 since l-interval representations are necessarily non-redundant. 
It should also be mentioned that if G is triangle-free, then 
i(G)=NRI(G); this follows from the fact that any t-interval 
representation for G must be depth-2, and depth-2 representations can 
always be made non-redundant by "sliding" apart extra intersections. In 
general, one has NRI(G)Si, (G). Thus by 2.1.20, one has 
NRI(G)S(w(G)-1)i(G). 
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Every graph is the intersection graph of convex sets in R*. The 
same statement for R?, however, is false. Every graph is the 
intersection graph of curves in R?’ but not in R?. Every graph is the 
intersection graph of boxes in R” but not in any finite dimensional 
space. Thus there are cases when increasing the "dimension" of the sets 
we intersect results in our ability to represent all graphs. We 
consider, instead, the general quesion: when does increasing the 
number of sets we assign to each vertex enable us to represent all 
graphs? For example: is every graph the intersection graph of unions of 


two convex sets in R?? 


We will completely answer the question of when increasing the 
number of sets assigned to a vertex results in the ability to represent 
all graphs. In other words, when does the S-number grow unbounded? We 
begin by showing in section 4.1 how some of these questions can be 
settled by using ad hoc arguments. We then give a more general theory of 
irrepresentability in section 4.2. This theory will give us all the same 
results we obtained by the methods of section 4.1 and additional results 
which are not readily obtainable by those methods. In section 4.3 we 
apply the theory in studying the intersection of line segments in vector 
spaces. In section 4.4 we compare our theory to a generalized theory 
for boxicity. We then generalize the results of 4.2 to nerves and 


simplicial complexes in section 4.5. 
4.1 Ad Hoc Methods and Results 


In this section we consider multiple intersection representations 
of boxes in finite dimensional space, as well as various types of 
connected sets in 2 dimensional manifolds. We demonstrate the existence 


of graphs which fail to be represented by any of the above methods. 
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4.1.1 Theorem. If t and d are positive integers then the class B, 
the family of graphs representable by t boxes per vertex in RS, does 


not contain all graphs. 


Proof. Let t and d be fixed. In every representation of a graph by 
boxes in rd it is only the order of the endpoints of the defining 
intervals of the boxes which matters in determining which box intersects 
which. Thus if a graph has n vertices, we lose no generality in forming 
a t-box intersection representation for this graph if we assume that the 
coordinates of the corners of the boxes are integers in the set 


{1,2,...,2nt). 


Suppose B$) contains all graphs. Let n be a positive integer. 
In(n-1) and so the 


The number of labeled graphs with n vertices is 2 
ina ot 2 


number of non-isomorphic graphs on n vertices is at least 2 
nFgin(n-1) 


The number of boxes in RS with corners in the set {1,2,...,2nt}@ 
is at most (2nt)2d and therefore the number of nonisomorphic graphs with 


n vertices in 2ıB9) is at most [C2nt)2ajnt = (2nt) rt, It follows 
that 

(ant) rdt > n2222 0-1) 
or 

n? (ant) rdt > gin(n-1) 


Taking logarithms to the base 2 we have 
n(log n) + 2ndt(log 2nt) 2 $n(n-1) 
or 
(1+2td)(log n) + 2td(log 2t) 2 3(n-1). 
This last inequality is obviously false for n sufficiently large. 
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4.1.2 Remark. One corollary of the above proof is that there exist 

graphs G for which i(G) is arbitrarily large. This is no surprise since 

we know that the interval number of K S is roughly èn. l 
s 


The above proof can be paraphrased in terms of "information". A 
graph on n vertices contains roughly èn? bits of information while a t- 
box representation in Ro contains (roughly) a constant times n(log n) 
bits of information. [The nt boxes are each specified by 2d integers 
that are all between 1 and 2nt. An integer M requires log(M) bits.] 
Since n? grows much faster than n(log n), we see that the result must 


follow. 


The proof has a probability interpretation: If we denote the 
family ofall graphs on at most n vertices by G(n) and the probability 
that a random graph in G(n) is 10 2(tB°) by P(n,t,d) then 

P(n,t,d) < (aD, pint gant) Art). 

It follows that as nœ», P(n,t,d)—0. Thus "almost all graphs" are not 
in 2(tB°). 


We can also use the inequalities in the proof to show 
sup(B°#(G): |V(G){Sn} 2 (n/(8d log n)) - (1/24). 
This estimate is probably much to low since for d=l we have by 2.2.1 


sup{i(G): |V(G)Isn} = Eat). 


The primary advantage to the above proof is its simplicity. The 


primary drawback is that it is non-constructive. 


We now turn to study irrepresentability by multiple intersection 
of various "two dimensional" objects. Our study is motivated by the 
question: "Does every graph possess an intersection representation in 
which each vertex is assigned two convex sets in R??" As we shall see 


the answer to this question is "no" and remains "no" even when "two" is 
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replaced by any other positive integer and when the words "convex sets 
in R?" are replaced by "arc-connected sets in a 2-dimensional manifold 


with finite Euler characteristic." Our aim is to prove: 


Theorem (4.1.13). Let t be a positive integer and M a two-dimensional 
manifold with finite Euler characteristic. There exists a graph G which 
is not the intersection graph of sets each of which is the union of (up 
to) t connected compact [or connected open, or arc-connected] subsets of 


M. 


Our method is constructive but tedious. A more elegant but non- 


constructive approach will be presented in the next section. 


We will obtain our results by "pulling ourselves up by our 
bootstraps". Our first result will be highly specialized and we use it 
to obtain increasingly general theorems. We begin with some preparatory 


material. 


4.1.3 Lemma. Let M be a 2-manifold with Euler characteristic x. If G 
embeds in M then |E(G)|s3(|V(G)|-x). 


Proof. This result is well known and is obtained from the definition of 
the Euler characteristic by noting that each face of the embedded graph 
has at least three sides |} 


4.1.4 Definition. A piecewise linear curve, or PL curve, is a function 
£:[0,1J—V, with V a vector space, with the property that there exist 
numbers pan beet ae ne ‚such that F(s +(1-))5 5,5) = 
Af (s TUL ECS) for 0S1S1 and OSiSp-1. In other words, £([8 558545) 
is a line segment in V. We usually identify a PL curve with its image 
f([O,1J)EV. In other words, a PL curve is a curve which is the union 


of line segments. 
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A 2-dimensional manifold is piecewise linear if it is the union of 


flat 2-dimensional geometric simplices, i.e. "filled in" triangles. 


4.1.5 Lemma. If C is a non-self-intersecting curve on a 2-manifold M, 
then there exists a positive number e such that the set off all points 
of M within distance less than e of C (the e-neighborhood of C) is 


homeomorphic to the interior of a disc. 


4.1.6 Theorem. Let t be a positive integer and M be a PL 2-manifold 
with Euler characteristic x. There exists a graph which is not the 
intersection graph of sets each of which is the union of t PL curves in 
M such that the PL curves satisfy: 

(1) no PL curve intersects itself, 

(2) no two PL curves assigned to the same vertex intersect, 

(3) if PL curves intersect, the intersection consists of finitely 

many points, and 
(4) no three PL curves share a common point. 


The PL restrictions and (1)-(4) are included to avoid topological 
difficulties. After proving this theorem we will show how all of these 


restriction may be dropped. 


Proof. Choose a positive integer N large enough so that 
(*) È) > amt - x). 
Let n = r(t+1,N). [See 80.5.2 for the definition of the Ramsey number 
r.) We define a bipartite graph G with n + Gi) vertices as follows: 
The vertices in the first part are {v,,:..,v,}. The vertices in the 
second part are: 

(Y: Ie{1,2,...‚n} and |Ij=t+1}. 
Thus the vertices in the second part are indexed by the subsets of 
{1,...,n} of cardinality t+1. Finally v, is adjacent to w, if and only 
if iel. This completes the definition of G. We claim that G does not 
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have an intersection representation satisfying the conditions of the 


theoren. 


[Example: When t=1 and x=2 then N=5 satisfies (*) and n=r(2,5)=5. 
The graph G constructed above is precisely BK,.) 


Suppose G had a representation by PL curves as described in the 


be N and the 


theorem. Let the PL curves assigned to vertex v i 


curves assigned to wy be Weer: 


i 


We say the curve wr joins curves vi and vb where ifj and 


i,jel, provided there exists numbers x,ye[0,1} so that wrx) is on 
q 
J 

s 


is on no other curve. In other words, one can traverse curve wI from 


curve ve and vS) is on v? and if z is between x and y then wy (z) 


ve to vj without meeting any other curves. In figure 4.1 wi joins 


2 
1 V; 


| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 


= 


Figure 4.1 


to va, as well as v to v. 


vl 
2 


1 


Consider the graph Ka whose vertices are Cuys-- su}. Color edge 
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u,u, red if some ve is joined to some vi by some w-curve. Color edge 


ij 


un blue otherwise. We claim there is no blue (t+1)-clique in this Ka’ 


Suppose de formed a blue clique. Let La LL 


Consider the t curves wis At least one of these w-curves must 


meet curves from two of V, ,...,V . This follows from the pigeon 
ti Len 


hole priniciple since there are t curves wi meeting curves from t+1 


vertices. Suppose wI meets curves from two different vertices. As we 


1 PNE í ; A ; 
traverse w, we encounter finitely many points of intersection with v- 


I 
curves. It follows that some sequential pair of points of intersection 
must belong to vi and vi with jfk, j,keI. Thus uu, would be colored 


red. 


Since n=r(t+1,N) and there is no blue (t+1)-clique in this Ko we 
must have a red N-clique. We may assume that the red clique consists of 


the vertices: Wis: > > sty. We now consider a third graph H. The vertices 


of H are the tN curves vi with 1SpSt and 1SisN. Vertices of H are 


adjacent if and only if the curves are joined by some wre Clearly, 


ECH) 12(9) since {u,,--+,Uy) forms a red clique. We now embed H in M 


as follows: 


For each curve ve we choose an £ such that the e-neighborhood in 
M of this curve is homeomorphic to a disc and so that no two e- 
neighborhoods intersect. [This is possible since by hypothesis the 
curves ve do not self-intersect and are disjoint compacta.] Replace the 


curve ve with a single point inside its e-neighborhood. If a wr meets 


vie and serves to join this curve to another v-curve, we replace the 


portion of the curve wI inside the t-neighborhood with a path linking 
the curve with the chosen point. See figure 4.2. We can do this in 
such a way that distinct altered w-curves meet only at the selected 
points inside the e-neighborhoods. Clearly we have embedded the graph H 
in the 2-manifold M with the selected points as topological vertices and 
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Figure 4.2 
ee 
the altered w-curves forming the topological edges. It follows by 
proposition 4.1.3 that |ECH)|s3C|VCH)|-x). Hence (53 (Nt-x). But this 
contradicts (*). Hence the graph G cannot have a representation of the 
form stated.) 


We now proceed to show that the theorem is true as we successively 


remove the “artificial” restrictions in the hypothesis. 
4.1.7 Proposition. Hypothesis (4) can be dropped from Theorem 4.1.6. 


Proof. Suppose G is a graph whose t PL curve representation satisfies 
conditions (1), (2) and (3). We show that small alterations in that 
representation form a representation that satisfies (1) through (4). 
For every three curves in the representation of G there are at most 
finitely many points of M in all three curves. Choose a small 
neighborhood in M of each of these points homeomorphic to a disc. We 
may assume that these neighborhoods are disjoint. We now slightly alter 
one of these curves near each triple point (inside the disc) so that no 
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Figure 4.3 
| 


intersections are lost or added. See figure 4.3. Repeating this process 


for all triples of curves we obtain a representation for G satisfying 
(1) though (4). 


4.1.8 Proposition. Hypotheses (1) and (4) may be dropped from Theorem 
4.1.6. 


Proof. Suppose G has a t PL curve representation in M satisfying (2) 
and (3). If a PL curve intersects itself, it does so in finitely many 
points by (3). Select disjoint neighborhoods in M homeomorphic to discs 
about each self-intersection point of each PL curve. Alter the curve as 
in figure 4.4 or 4.5 depending upon whether or not the self-intersection 
is a crossing. If the self-intersection is a crossing we reconnect so 
that the altered curve is still in one piece. We can do this without 
disturbing any intersections between pairs of curves. The resulting 
representation for G satisfies (1), (2) and (3) and we apply 4.1.7 to 
complete the proof. 
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Figure 4.4 


Figure 4.5 


4.1.9 Proposition. Hypotheses (1), (2) and (4) may be dropped from 
Theorem 4.1.6. 


Proof. Suppose G has a t PL curve representation in M satisfying (3). 


If two PL curves assigned to the same vertex intersect we alter the 
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curves as in the last proof. See figure 4.6. This depends only on 
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Figure 4.6 


whether the two curves cross or not. The representation now satisfies 


(2) and (3) and the result follows by 4.1.8. 


4.1.10 Proposition. Hypotheses (1) through (4) may be dropped from 
Theorem 4.1.6. 


Proof. In light of 4.1.9 it is enough to show how if two PL curves (or 
a curve and itself) of a representation have infinite intersection, then 
they can be altered so as to maintain all intersections such that the 


resulting curves have finite intersections. 
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If two PL curves have infinite intersection, then that 
intersection is the union of finitely many line segments. For each of 


Figure 4.7 
DD | 


these line segments we alter the PL curve as in figure 4.7. Notice that 


the "blips" assure us that no intersections were lost. We can be sure 
no new intersections are formed if we follow the following rule: Since 
the curves are compact there exists a positive number ¢ such that the 
minimum distance between nonintersecting curves is €. At the „eh 


alteration of the representation, move no point more than a distance 
-n 
2 cE 


We now gradually remove the PL restrictions in Theorem 4.1.6. 
4.1.11 Theorem. Let t be a positive integer and M be a PL 2-manifold 
with Euler characteristic x. There exists a graph which is not the 


intersection graph of sets each of which is the union of t open 


connected subsets of M. 
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Proof. It is well known that open connected subsets of a manifold are 
arc-connected and we may assume that the arcs are PL since the 
2-manifold M is PL. Let G be represented as in the hypothesis of the 
theorem. Let the open sets be 01,02,03,.... Choose a point x‚e0, and if 
0, and 0, 


each i, join x 


intersect, choose a point Y,,80,n0,. [Note: TKA For 
i to Vi; by a PL curve contained in 0,- Notice that we 
can consider the curves radiating from x i together as one large 
(possibly self-intersecting) curve by "running" up and down each 
"branch". Notice further that this gives a t PL curve representation of 
G since if two O's intersect then the corresponding curves must both 
contain the same point y and if two O's do not intersect, then the 
curves they contain cannot intersect either. The result now follows 


from 4.1.10. 


4.1.12 Theorem. Let t be a positive integer and M be a PL 2-manifold 
with Euler characteristic x. There exists a graph which is not the 
intersection graph of sets each of which is the union of t connected 


compact subsets of M. 


Proof. Suppose G has an intersection representation with t connected 
compact subsets of M assigned per vertex. Let the compact subsets be 
C,,C,,C3,.... Let e be a positive number less than the minimum distance 
between non-intersecting C,'s. Let 0; be the set of all points of M 
whose distance from C; is less than de. Clearly 0, is open. If we 
choose £ small enough, 0, is connected. It is now obvious that 
replacing the C 15 by 0 i? gives a representation of G and the result 


follows by 4.1.11. 


4.1.13 Theorem. Let t be a positive integer and let M be (any) 2 
dimensional manifold with Euler characteristic x. There exists a graph 
which is not the intersection graph of sets each of which is the union 


of up to t connected compact [open] [arc-connected] subsets of M. 
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Proof. Since every manifold is homeomorphic to a PL manifold and since 
homeomorphism preserves open sets as well as compact sets, the result 
follows for compact and open subsets from 4.1.12. In case the subsets 
are arc-connected we perform the same construction as in the proof of 
theorem 4.1.11 to show that any intersection graph formed by arc- 


connected sets can equivalently be formed by curves, which are compact. 


4.1.14 Corollary. Let t be a positive integer. There exists a graph 
which is not the intersection graph of sets each of which is the union 


of t convex sets [resp. curves] in the plane. 


Proof. The plane is a 2-manifold. Curves are compact and convex sets 


are arc-connected.§ 
4.2 General Theory 


In the last section we saw that not every graph could be 
represented by fixed multiple intersection of boxes in finite 
dimensional space or of various two dimensional connected sets. 
However, the techniques of the last section shed no light on the 
question: "given t>0, is every graph the intersection graph of sets 
each of which is the union of t line segments in a vector space?" The 
method of Theorem 4.1.1 will not work because more than the order of the 
endpoints is important (see figure 4.8). Nor will the method of Theorem 
4.1.6 help since the segments are not constrained to lie in a two- 
dimensional structure. Thus in order to answer this question we need 
more powerful techniques. We begin by broadening the S-number concept 
to the "P-number", where P is any class of graphs. Should P=2(S) we 
will see that Py=S/. We then analyze the boundedness of the P-number 


parameter. 
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4.2.1 Definition. Let A,B be finite sets and let f:A—B be onto. The 
multiplicity of f, denoted mult(f), is defined to be 

mult (f) = max{|f7}(b)|: beB}. 
Notice that if mult(f) = 1, then f is a bijection. 


4.2.2 Definition. Let G and H be graphs and let f:V(G)—V(H). We say 
that f is a simplicial map provided f satisfies: 

(1) f is onto, 

(2) If w,,wz2eV(H) and wwz, then there exist vıef bw) and 


vif liw) such that v,-v,, and 
(3) If vy,v2EV(G), vuya and f(v,)#f(v,), then f(v,)-f(vz2). 
In other words, f is simplicial means xy is an edge in H if and only if 
there is an edge joining some vertex in the pre-image of x to some 
vertex in the pre-image of y. Notice that we "ignore" edges joining 
vertices in the pre-image of any single vertex. Also note that if the 
multiplicity of simplicial map is 1, then it is a graph isomorphism. 
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4.2.3 Definition. Let P be a family of graphs and let G be a graph. 
The P-number of G, denoted P#(G), is defined to be the least positive 
integer t such that there exists a graph HeP and a simplicial map 
£:V(H)—V(G) such that mult(f)=t. In case no such map exists we put 
Pi#(G)==. The P-number is an extension of the S-number: 


4.2.4 Proposition. If P is an intersection class of graphs with 
=S), then P#(G)=S#(G) for all graphs G. 


Proof. Let G be a graph. Suppose Gef(tS) for an integer t. Let 
V(G) = ve VA) and let g:V(G)—tS be a tS-representation. Thus 


g(v,) = s? ‚v.. us; for sPes. Let H= EHE 1Si<n and 1SpSt]. 
Clearly HeP. Let £f:V(H)—V(G) be defined as follows: if wi is the 
vertex assigned to s? then let Erw J=v,- Clearly vi provided some 


s? meets some sj, i.e. if and only if kad for some 1Sp,q$t. Thus 


f is simplicial. Clearly mult(f)St. Therefore P#(G)<S#(G). 


Conversely, suppose we have a simplicial map f:V(H)—V(G) with 
mult(f)=t and HeP. Let g:V(H)—S be an S-representation of H. Let a 
function h be defined on V(G) by h(v)=Ug(w) with the union taken over 
all wef iv). Since te vy ist it follows that h:V(G)—tS. Further for 
v‚v'eV(G) we see that v~v' if and only if for some wet '(y) and 
wef hren) we have wew', which holds if and only if g(w)ng(w')#@. It 
follows that vev' if and only if h(v)nh(v')#@. Hence GeîQ(tS). 
Therefore S#(G)SP#(G). 


Note that we have shown that if either S#(G) or P#(G) is finite, 
then so is the other. Thus if one is infinite, the other must be also. 


It is now immediate that if 2(S)=2(S'), then S#=S'#. In addition, 
we will no longer distinguish between Pi and S# when P=2(S). 
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Recall that if f is a simplicial map and mult(f)=l then f is a 
sith isomorphism. This yields the following: 


4.2.5 Proposition. P#(G) = 1 if and only if GeP.§ 


4.2.6 Remark. We turn now to the question of when the P# is bounded. 
We begin by showing when the P# is "well-defined," i.e. finite for all 
graphs. For example, if P is the family of all complete graphs, then 
if G is not complete, P#(G)=«. 


Although we have defined P# for arbitrary classes of graphs P, we 
can say very little of interest about these parameters if we allow P to 
be arbitrary. If we impose the restriction that P be monotone, we can 
obtain interesting results. In as much as we are interested in the Pi 
in order to shed light on multiple intersection, and since intersection 
classes are necessarily monotone, requiring P to be monotone is not a 


serious limitation for our purposes. 


4.2.7 Proposition. If P is a monotone class of graphs, then P#(G) is 
finite for all graphs G if and only if nKzeP for all n, in which case 
P#(G)sA(G). 


Proof. Suppose for some n the class P does not contain nK,. We show 
P#lnK.)=z=. Suppose P#(nK,) = t < æ. Let f:VC(H)—V(nK,) be a simplicial 
map with HeP. Let V(nk,)={v,; NAN Wa) and 


- 2 -1 
f KO PATER and f weten... We may relabel the 


superscripts so that view; for 1SiSn. Notice that: 


vi is not adjacent to vj for ifj, 


ve is not adjacent to wi for ifj, and 


wP is not adjacent to wi for ifj. 
It follows that the induced subgraph of H on vertices with superscript 1 


is isomorphic to nk, and since nK;SHeP and P is monotone, nkzeP which 
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is impossible. Thus P#(nK,;)==. 


Conversely, suppose nKz3eP for all n and let G be a graph. Let 
A=A(G) be the maximum degree of a vertex in G. We show that P#(G)<A. 
Notice that P contains all graphs of the form aK,+bK;S(at+b)KseP since P 
is monotone. We now define a graph, H, with A|V(G)| vertices. If 
V(G)={v,,.-.,v,}, let V(H) = (vis 1sisn and 1SpsA}. Next define edges in 


H as follows: 


Consider the edges of G in some order. For each Vivi of G place an 


i 
vertex of G has more incident edges than it has copies in H, there are 


edge between (until now) isolated vertices vP and vi of H. Since no 


always enough vertices available. ‘The resulting graph H has A(H)S1 and 
therefore is of the form aK,+bK, and so HeP. Let f:V(H)—V(G) by 


f(vi)=v,. It is now clear that f is simplicial and mult(f)<4.§j 


4.2.8 Corollary. Let P be the class of graphs {aK,+bK,:a,b20} and let 
G be a graph. Then P#(G) = A(G). 


Proof. Clearly P is monotone, and by the previous proof P#(G)SA(G). 
Suppose HeP and f:V(H)—V(G) is simplicial. Let v be a vertex of G with 
d(v)=A(G). Since the number of edges of H entering el) must be at 
least A(G) and A(H)S1, it follows that Le Ev) |2a(G). Thus 
mult (f)24(G) .§ 


4.2.9 Remark. If P is a monotone class for which P# is always finite 
then P#(G)SA(G) and this is the "best" uniform upper bound. However, 
for most applications this upper bound is very far from being the 
optimal. In §2.2.3 we saw that i(6)$/2(A(6)+1)) and if P is any 
intersection class of nonempty sets, then P#(K )=1<<A(K )=n-1. 


We now address the following question: For which monotone classes 
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P does there exist a number N so that P#(G)SN for all graphs G? The 


answer: 


4.2.10 Theorem. Let P be a monotone class of graphs, and let 
N=sup{P#(G):GeG}. Then N equals: 

1, if P contains all graphs, or 

2, if P contains all bipartite graphs, but not all graphs, or 

æ, if P does not contain all bipartite graphs. 


Proof. Let N=sup{P#(G):GeG}. If P=G, then by 4.2.5 P#(G)=1 for all 
graphs G and N=1. 


Suppose P contains all bipartite graphs, but not all graphs. If G 
is not in P, then P#(G)>1 by 4.2.5, hence N>1. Let V(G)={v,,...5v,} 
and we define a new graph H with VOX, ek Ist +" 0I and 
E(H)={x,y,:vjv,eE(G)}. Clearly the x's and y's form independent sets, 
and therefore H is bipartite and by hypothesis HeP. Let £:V(H)—V(G) by 
f(x )=£(y,)=v,- Clearly f is simplicial with multiplicity 2, hence 
P#(G)S2 for all graphs. Thus N=2. 


Suppose P does not contain a bipartite graph, G. Let t be a 
positive integer, and let T=t?. By the bipartite version of the edge 
induced Ramsey theorem (§§0.5.3-4) there exists a bipartite graph G' 
such that for every T coloring of the edges of G' there exists an 
induced copy of G in G' in which all edges have the same color. We show 
that P#(G')>t. 


Suppose P#(G')St and let f:V(H)—V(G') be a simplicial map of 
multiplicity at most t with HeP. Since G' is bipartite let V(G')=XUY be 
a partition of the vertices of G' into independent sets. For x,eX let 
t) 


-1 1 -1, rl t 
f (dlg > oX » and for y‚eY let f (y;) {yje oyi) If 


x;y jEE(G') then some xÈ is adjacent to y; for some (p,q). Color edge 
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Xi); with color (p,q). [In case there is more than one choice, select 
one of those colors arbitrarily.] This gives a T=t?-coloring of the 
edges of G'. 


By the way the graph G' was defined, there erists a monochromatic 
induced copy of G in G'. Let the color be (p,q). We may assume, 
without loss of generality, that the (p,q)-color induced copy of G in G' 


occurs on vertices Rus >: RL T Int Consider the induced subgraph 


H' of H on vertices ere is ER i We claim that H' is 
isomorphic to G, indeed the isomorphism is f|V(H'). First, it is clear 
that f|/V(H') is a bijection: x tox! and yey] Second, if x,y, 


then, since x;y} is colored (p,q) we know that xy Conversely, if 


xy) then RT, since f is simplicial. Thus H' is isomorphic to G. 
However H'sHeP and P is monotone, hence GeP, contrary to our 


supposition. Thus P#(G)>t, and since t was arbitrary, N = e.i 


Thus the P-number grows unbounded if and only if P fails to 
contain all bipartite graphs. In the next section we apply this fact to 


various intersection classes. 
4.3 Applications, Line Segments 


We begin by showing how we can give easier proofs for the results 


on two-dimensional sets proved in section 4.1. 


4.3.1 Theorem. Let t be a positive integer and let M be a 2-manifold 
with Euler characteristic X. Then there exists a graph G such that G 
has no intersection representation by sets each of which is the union of 
up to t: 

(1) curves in M, 

(2) connected compact sets in M, 


(3) arc-connected sets in M, or 
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(4) convex sets in the plane. 


indication of Proof. In as much as this theorem was carefully proved in 
section 4.1 we give only a proof outline, omitting the topological 
details. 


Let S be one of the family of sets described in (1) through (4) 
and let P=Q(S). Choose n sufficiently large so that (D)>3(n-X). Thus 
K does not embed in M. We claim that the subdivision graph BK is not a 
member of P. Since BK. is bipartite, 4.2.10 implies we can find a 
graph for which P#(G)>t. 


Suppose BK e2(S). Choose an S-representation for BK, has n 


vertices of degree n-1 which we call "vertex-like" and G) vertices of 

degree 2 which we call "edge-like". Choose a point in each set S 
assigned to a vertex-like vertex. These points can then be joined, one 
to the other, by curves contained (essentially) in the sets assigned to 
the edge-like vertices, resulting in an embedding of Ka in M, which is 


impossible. 


4.3.2 Remark. We can also prove, using Theorem 4.2.10, that not every 
graph has an intersection by t boxes in d-dimensional space by showing 
there exist bipartite graphs with arbitrarily high boxicity. This can 
be done via a counting argument akin to the one in §4.1.1 by observing 
that the number or non-isomorphic bipartite graphs on n vertices exceeds 
„in? ‚m but the number of non-isomorphic graphs with bounded boxicity 
and n vertices is less than (roughly speaking) a constant times n”. 
Taking logarithms we see that 
an? -n(log n) >> n(log n) 
and the result follows. 


We now study the intersection graphs of line segments in Euclidean 


- 100 - 


Irrepresentability $4.3.3 
space. 


4.3.3 Notation. Let Ls? denote the set of all line segments in RS. Let 
LS” denote the set of all line segments in an infinite dimensional real 


vector space. 


4.3.4 Proposition. 2(LS')cQ(L$2)cQ(LS*)c... and Q(LS~)=u gasi). 


i>0 


Proof. This is trivial since we can consider LS!cLS?c... and if 
GeQ(LS”) and IV(G)|=en, then clearly Ge (LS?) by considering the 
subspace spanned by the 2n endpoints of the line segments assigned to 


the vertices of G.B 


We now consider which of the inclusions actstycactsi*) are 


proper. 


4.3.5 Theorem. 2(LS*)#Q(LS2)4Q(LS*), but Q(LS™=a(LS"*4) for n23, 
thus 2(LS?)=Q(LS"). 


Proof. Q(LS*) is the class of interval graphs and C, is not an 
oS | ee 
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interval graph. However C‚eQ(LS?), as shown in figure 4.9. BK, is not 
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Figure 4.10 
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in Q(LS?) but it is in Q(LS*) as shown in figure 4.10. 
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Suppose GeQ(LS") with n24. We show that Gen(Ls*”+), and this 
will complete the proof. Fix a line segment representation for G in 
R”. We wish to project to Rol via an orthogonal projection. Such a 
projection will not destroy any intersections between line segments, but 
may create new intersections. We show, however, that almost all 


projections do not cause new intersections. 


The space of all orthogonal projections of R?” to an 
(n-1)-dimensional subspace can be identified with the space of all 
(n-1)-dimensional subspaces which, in turn, by taking orthogonal 
complements, be identified with the set of all lines through the origin, 
better known as the (n-1)-dimensional manifold Rpm). Similarly, a 
projection which causes non-intersecting line segments to intersect 
after projection corresponds to a line through the origin which, when 
suitably translated, intersects both line segments. Now through any two 
points there is exactly one straight line. Hence the set of lines 
through the origin that translate to intersect both of a pair of line 
segments can be parameterized by 2 parameters. Thus the projections 
that cause non-intersecting line segments to intersect correspond to an 
(at most) two dimensional subset of Rpm? Since G is finite, the set 
of "forbidden" projections is contained in a finite union of 
2-dimensional subsets of RP”). since n-123>2, almost all projections 


will not cause new intersections, and hence Ge (LSP +). 
Are all graphs in 2(LS*)? The answer is "no" as we shall see. 


4.3.6 Theorem. (LS?) does not contain all graphs; in particular, it 


does not contain the graph C,vBK,. 
Proof. Suppose C,vBK,e2(LS*). Now since C, is not an interval graph, 
the four line segments constituting C, are not collinear. Let L, and La 


be line segments which are noncollinear and intersect each other, 
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representing two (adjacent) vertices of C,. Let {x}=Lınl.. All 
vertices of C, are adjacent to all vertices of BK,, thus all the line 
segments assigned to BK, intersect both L, and L}. Now at most one of 
the "vertex-like" vertices of BK, has a line segment which contains the 
point x. Ignoring that particular "vertex-like" vertex and the 5 
attached "edge-like" vertices, we have a line segment representation of 
BK, in which the line segments are constrained to lie in the plane 
spanned by L, and Lz, implying BK,e2(LS?), which is false. Hence Q(LS’) 


does not contain all graphs.§ 


4.3.7 Remark. Not every graph is in 2(LS*), but perhaps every graph is 
in Q(tLS*) for some t. To show that this is not the case we need only 
show that some bipartite graph is not in Q(LS’). Unfortunately C,vBK, 


is not bipartite. We therefore need a more complicated example. 


4.3.8 Definition. Let 6, and G, be bipartite graphs with V(G, )=K,UY, be 
a partition of v(G‚) into independent sets, for i=1,2. Let the 
bipartite join, denoted G,v2G,, be the graph formed by taking the 
disjoint union of G, and 6, and joining every vertex in X, to every 


vertex in Y for i=1,2. 


3-i’ 

Notice that the definition of bipartite join is ambiguous; it 

depends on the choice of the sets Xi and Y,- In our application, 

however, one of the graphs will be K, 3 and the ambiguity will 
3 


disappear. 


4.3.9 Definition. A surface (in R*) is called a ruled surface if it 
can be parameterized by (s,t)}+*f(s)+tg(s), with f,g:R'—R’. In other 
words, a surface is ruled if it is the union of a one-parameter family 
of lines. A doubly ruled surface is a surface which has two 
"essentially" different rulings, i.e. if 
£,(s)+tg,(t) = fals')+t'gals'), then gils) and g2(s') are linearly 
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independent. 
There are relatively few doubly ruled surfaces: 


4.3.10 Theorem [64,38]. The doubly ruled surfaces are: 
the hyperbolic paraboloid, which is homeomorphic to a disc, and 
the hyperboloid of one sheet, which is homeomorphic to an 


annulus. 


4.3.11 Theorem [64,38]. Through three mutually skew lines in R?’ there 
is exactly one doubly ruled surface, and every line which meets these 


three lines is contained in that surface. 
4.3.12 Theorem. The bipartite graph K, 3V 28K, is not in Q(LS?*). 
3 


Proof. Suppose K, 3¥2BK,e2(LS*), and fix a line segment 
representation. Consider the 6 line segments representing K3 3 If any 
two non-intersecting line segments are coplanar, it is easy to see that 
all 6 must be. It follows that the segments representing BK, are also in 
that plane, which is impossible. 


Suppose instead that each pair of non-intersecting line segments 
from Ka. 3 are skew. It follows that if we consider 3 non-intersecting 
segments, they determine a unique doubly ruled surface containing the 
other 3 line segments, as well as all the segments from BK. However, 
since every doubly ruled surface is homeomorphic to a subset of the 
plane, we would have (by that homeomorphism) a representation of PR, by 


curves in the plane, which is impossible. 


4.3.13 Corollary. For every integer t there exists a graph which is not 
the intersection graph of sets which are each the union of up to t line 


segments in a real vector space. 
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Proof. By 4.3.5 it is enough to show that 2(tLS?) does not contain all 
“-“rbs, Let P=@Q(LS?). By 4.3.12, P does not contain all bipartite 
graphs, hence there exists, by 4.2.10, a graph with P#(G)>t, thus G is 
not in 2(tLS?).§f 


4.4 Digression: Generalized Boxicity 


We have shown how one can generalize the concept of interval graph 
to interval number, and then generalize further to P-number for 
arbitrary classes of graphs P. In her thesis, Cozzens [10] follows a 
similar route beginning with interval graphs, then boxicity and then 
generalizing boxicity to a parameter she denotes tp for intersection 
classes P. We call this parameter the "P-intersection number" and we 
give a theorem about its growth first proved by Kahn and Saks [41], but 


presented here with a shorter proof. 


4.4.1 Definition. Let P be a class of graphs and let G be graph. The 
P-intersection number of G [resp. P-union number], denoted Pa (©) 
[resp. P, (G)], is the least positive integer t such that G = Hn...nH, 
[resp. H,U...uH, ] with H‚eP. 


4.4.2 Remark. Note that proposition 1.1.19 implies that if P denotes 
the class of interval graphs, we have P (G)=b(G). It is not true, 
however, that Fi (G)=i(G). For example if CK, 5 then i(G)=2, but it can 
easily be verified that P. (G)=3. One can show however: 


4.4.3 Proposition. If P is a class of graphs closed under disjoint 


union, then P, (G)2P#(G) for all graphs, G. 


Proof. Let t=P (6). Let G=H,u...UH, and let H=H,+...+H,. Since P is 


closed under disjoint union, HeP. Let V(G)=V(H, ={v,,-.-,v,}. Let 


j if and only if aZ in H_- Let 


V(H)={v; :1Sisn, ISsSt}, and viv 
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£:V(H)—V(G) by Evi D=. Clearly f is simplicial with multiplicity t, 
hence P#(G)st.B 


We now study P-union and P-intersection numbers for monotone P. 


4.4.4 Proposition [41]. Let P be monotone. The P-union number is well 
defined provided P contains K,+nK, for all n. The P-intersection number 


is well defined provided P contains kre, where e is an edge, for all 


nB 


4.4.5 Definition. Recall that monotone classes of graphs P are ideals 


in the poset (G,S). Let P denote the family of all complements of 
graphs in P: 
P = (6: GeP). 
Also, let F(P) denote the minimal (with respect to <) graphs not in P: 
F(P)={G: G is not in P, but for all H<G, HeP). 
Thus a graph G is not in P if and only if there exists HSG with HeF(P). 


To relate forbidden subgraphs of P and P we note that GSH if and only 


if GSH. This implies GeF(P) if and only if GeF( P). 


4.4.6 Proposition. Let P be monotone. Then P (6) = P (6). 


Proof. Let P (0st, and let G=H u... UH, with H eP. Then 


G=H,n.. nH.. We claim that H,eP. If R. were not in P then 


there exists HeF(P) such that HSH, which implies HSH, . But then 


HeF(P) which implies H, is not in P which is a contradiction. Thus 


P (G)sP, (6). The opposite inequality is similarly proved. 


4.4.7 Theorem [41]. Let P be a monotone family of graphs which does 
not contain all graphs. Then the P, and Pa parameters grow arbitrarily 


large. 
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Proof. Proposition 4.4.6 implies we need only prove this theorem for 
Py: Let t>0 be an integer, and G be a graph not in P. By 0.5.3 we can 
find a graph G' such that every t coloring of the edges of G' contains 
an induced subgraph isomorphic to G in which all the edges have the same 


color. 


Suppose PDSt. Let G'=H u... UH, with H eP. Color edge 


xyeE(G') with color i if xyeE(H,). [In case xy is in E(H, DEH Ds 
"i; 
we can assign xy a color arbitrarily from {i,,i,,...}.] This is a t 
coloring of E(G'). Hence there is an induced copy of G in G' in which 
all edges have the same color; say color 1. Let the vertices in G' 
which induce this monochromatic G be VT If 27%, in G' with 
1si,jsn then vv in H,- Conversely, if vv, in H we must have vi 
in G' since G' is the union of the H's. This implies there is an induced 
copy of G in H,» i.e. GSH, eP which implies GeP, which is a 


contradiction. Thus P tE 


4.4.8 Remark. The reason we have included this result is to compare it 
to 4.2.12. For monotone P we know P, and Pi are unbounded if and only 
if P fails to contain some graph. Since P seems to resemble P# one 
might expect the same behavior from P#. We know, however, that P# 
grows unbounded if and only if P fails to contain some bipartite graph. 
The appearance of bipartite graphs seems somewhat surprising at this 
point. The "reason" bipartite graphs play this role is because edges 
have two endpoints. What happens when edges have more than two 


endpoints? We will examine that question in the next section. 


We conclude this section with one more parameter which lies 


"between" P# and PY: 
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4.4.9 Definition. Let f:V(H)—V(G) be a simplicial cover. We say that f 
is a homomorphic cover if £7) (x) is an independent set in H for all 
veV(G). 


Note that G is a homomorphic image of H in the usual graph 


theoretic sense. 


4.4.10 Definition. Let P be a family of graphs and G be a graph. The P- 
homomorphism number of G, denoted P # (G), is the least positive 
integer t so that G can be covered by a graph H in P with a homomorphic 


cover of multiplicity t. 


The following proposition explains the word "between" in the above 


remark. Its proof is trivial. 


4.4.11 Proposition. If P is a class of graphs and G is a graph, then 
P #(G)2P#(G) and in case P is closed under disjoint union, 
P #C(G)SP (6) B 


We now show that the P-homomorphism number behaves similarly to 


the P-number. 


4.4.12 Theorem. If P is a monotone class of graphs, then the P- 
homomorphism number is bounded if and only if P contains all bipartite 


graphs. 
Proof. Suppose P contains all bipartite graphs. One readily checks 
that the simplicial cover constructed in the proof of 4.2.10 is a 


homomorphic cover, and so P #(G)<2 for all graphs G in this case. 


Suppose P does not contain all bipartite graphs. Then the P# is 
unbounded, but since P #(G)2P#(G) for all graphs G, the result 
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follows .§j 
4.5 Irrepresentability by Multinerves 


In this section we extend the results of sections 4.1 and 4.2 to 


both k-uniform hypergraphs and to nerves. 


4.5.1 Definition. Let K and H be k-uniform hypergraphs. A function 
f:V(K)—*V(H) is called a simplicial map provided: 
(1) f is onto, 
(2) if eeE(K) and fje is one-to-one, then f(e)eE(H), and 
(3) if e={v,,---,V, JeE(H) then there exist wef (Vv) for 1Sisk 
such that {ws er »W, }eE(K). 
Notice that when k=2 this definition agrees exactly with 4.2.2. 


4.5.2 Definition. If P is a family of k-uniform hypergraphs and K is a 
k-uniform hypergraph, then the P-number of K, denoted P#(K), is the 
least positive integer t such that there exists HeP and a simplicial 
map f:V(H)—V(K) of multiplicity t. 


4.5.3 Theorem. If P is a monotone family of k-uniform hypergraphs then 
the P-number is bounded if and only if P contains all k-uniform k- 
partite hypergraphs. 


Proof. Suppose P contains all k-partite k-uniform hypergraphs and let 
K be a k-uniform hypergraph. We show that P#(K)Sk. Let 
V(K)={v,,---.v,}. Let H be the k-partite k-uniform hypergraph defined 


as follows: Let V(H)=(v5:1Sisn and 1Ss$k}. The edges of H are defined 
to be the sets 
(1) a(k) 
{vi ass ar } 
1 


where ı is a permutation of {l,...,k} and tvi a El) Clearly 
1 
H is k-uniform. It is also k-partite since two vertices of H with the 
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same superscript cannot belong to the same edge. Hence HeP. Let 
£:VCH)—V(CK) by Ev=. It is immediate that f is a simplicial map 
of multiplicity k. Thus P#(K)sk. 


Conversely, suppose K is k-uniform, k-partite and not in P. Let 
K' be the k-uniform, k-partite hypergraph which, by 0.5.4 has the 
property that for every T coloring of the edges of K' there exists an 
induced copy of K in K' all of whose edges have the same color. Take 
T=t". We claim that P#(K')>t. 


Suppose Py#(K')st and let HeP such that f:V(H)—V(K') is 
simplicial with mult(f)=t. Let VER’ )=V u...uV, be a k-partition of the 
vertices of K'. Let {u} Tey O) with Fak 1et u) for all 1Sp,qst. Let 


i Let SD af Meran such that 


gb Dy Color edge e with the k-tuple (s(1),s(2),...,5(k)). 


fe 7 Ç Ji 
e={y NT eE LK ) with wEV 


By the way K' is defined there exists a monochromatic induced copy 
of K in K'. We may assume by permuting the superscript of the u's, that 
the color is (1,1,...,1) without loss of generality. Let the vertices 
of the monochromatic K be {v oV and let Gaj use Cv). 


We claim that tral, pul) induces a copy of K in H. This is easy to 
see since {v, ‚...,v, }eE(K) if and only if {ut PD, JeE(H). Thus 
nh ayy 

KSHeP which implies KeP, a contradiction. Thus P#(K')>t.JJ 


4.5.4 Remark. Note that the proof of 4.5.3 is essentially the same as 
that of 4.2.10, only we changed all the 2's to k's. Theorem 4.5.3 is 
interesting because it clarifies the role of bipartite graphs in 4.2.10. 


We will also use it in studying "multi-nerves." 


For the remainder of this section we consider k to be a fixed 


positive integer, and let S denote a family of sets. 
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4.5.5 Definition. Let 2*(S) be the family of (k+1)-uniform hypergraphs 
: for which there exists an injection f:V(H)—S so that 
f(vp)n...n£f(v, #9 if and only if {vg «rv JeE(H). Let 2'(S) be the 
subclass of 2*(S) of all hypergraphs, H, whose representing function f 
has the additional property that for any k+2 vertices {vo Vay) we 
have f(vp)n...nt(vi a8. 


Note that we now focus on (k+1)-uniform hypergraphs because they 


can be most readily related to k-dimensional simplicial complexes. 


4.5.6 Proposition. Let P*=Q*(S) and P'=2'(S). If H is a (k+1)-uniform 
hypergraph, then P*#(H)=t [resp. P'#(H)=t} if and only if t is the 
smallest integer for which HeQ*(tS) [resp. He2'(tS)]. 


Proof. Analogous to 4.2.4. 


4.5.7 Definition. Let 
N*(S)={sk,K: KeN(S)}, and 
N'(S)={KeN(S): dim(K)Sk}. 


4.5.8 Definition. A simplicial complex is called k-equimaximal if and 
only if each of its maximal edges has k+l vertices. If K is a k- 
dimensional simplicial complex we define a new complex uK as follows: 
Let the maximal edges of K be {e,,.--,e,}. Let a,=kt1-|e, | and let 


f ={w } be new vertices. (In case q,=0 then £ =$.) The 


amen 
i,l i,q; 
vertices of uK are VCE) UE ZU OF and the maximal edges are 


{e,Uf,,e,Uf,,..-,e Uf }. See figure 4.11. 


4.5.9 Definition. Let S be the class of all k-dimensional simplicial 
complexes, let M be the class of all k-equimaximal simplicial 
complexes, and let U be the class of all (k+1)-uniform hypergraphs. 
There is a natural bijection between U and M given by the following 
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Figure 4.11 


| — m a en nn emes en a me en mn en 


pair of functions: 


Define u:M—U as follows: If K is a k-equimaximal simplicial 


complex, then V(uK)=V(K) and E(uK)={eeE(K): jej=k+1}. 


Define 0:U—M as follows: If H is a (k+1)-uniform hypergraph let 
V(oH)=V(H) and E(oH)={e:ß#ece' for some e'eE(K)}. 


Clearly for KeM and Hel we see that ouk=K and ucH=H. The 
functions o, Y and u and the classes S, M and U are shown in Figure 
4.12. 
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Figure 4.12 


4.5.10 Proposition. Let Hel. Then Hef*(S) if and only if oHeN*(S) and 
He2'(S) if and only if oHeN'(S). 


Proof. One easily checks that the same function f can be used to show 


membership in either class in either cese.Jj 


4.5.11 Lemma. Q*(S)=U if and only if N*(S)=S, and 2'(S)=U if and only 
if N'(S)=S. 


Proof. Suppose 2*(S)=U. Let KeS. We know upKeU=2*(S)_ thus 
ouuK=yKeN*(S). Since KsuK and N*(S) is easily seen to be monotone, we 


have KeN*(S). Thus N*(S)=S. 


Conversely, if N*(S)=S and HeU we know oHeS=N*(S), thus 
HeQ*(S). Therefore 2*(S$)=U. 


The proof for 2" and N' is analogous. B 
4.5.12 Theorem. Let P=N*(S). There exists an integer t with the 
property that N*(tS)=S if and only if P contains all (k+1)-partite k- 
dimensional simplicial complexes. [Respectively for N'.] 


Proof. Let P=N*(S) and Q=2*(S). Suppose P contains all (k+1)-partite 
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v-dimensional simplicial complexes. It follows that if H is any 
(k+1)-uniform (k+l)-partite hypergraph that oHe%*(S)=Q. Thus Q 
contains all (k+1)-partite (k+1)-uniform hypergraphs and so 
Q*((k+1)S)=U. Thus N*((k+1)S)=S. 


Conversely, suppose K is a k-dimensional (k+l)-partite simplicial 
complex not in P. Since KSuK we know uK is not in P. Thus uyK is not in 
Q. Since upK is (k+1)-partite we know that for all t we have 2*(tS)#U, 
Thus for all t we also have N*(tS)#S. [An analogous argument holds for 


N'.E 


4.5.13 Corollary. The following statements are equivalent: 

(1) There exists an integer t such that N(tS) contains all k- 
dimensional simplicial complexes. 

(2) There exists an integer t such that every k-dimensional simplicial 
complex is the k-skeleton of an element of N(tS). 

(3) N(S) contains all (k+1)-partite k-dimensional simplicial complexes. 


Proof. This follows immediately from theorem 4.5.12. The equivalence of 
(1) and (3) follows by considering N' and the equivalence of (2) and 
(3) by considering Nex.) 


4.5.14 Remark. It would be natural at this point to apply these results 
to nerves of convex sets in some Euclidean space. Since N (KKL, 
contains all k-dimensional complexes, we would naturally want to show 
that for any integer t the class N(tk2*) does not contain all k- 
dimensional simplicial complexes. To do so we need only provide an 
example of a (k+1)-partite k-dimensional simplicial complex which is not 
in NK?) In case k=] we saw that the graph BK, is the appropriate 
example. Unfortunately no such examples are known for k22. We do however 


have the following eminently reasonable conjecture due to Wegner [77]: 
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4.5.15 Conjecture. If K is a simplicial complex which does not embed in 
rk then BK is not in N(K2*).0 


It is known that there are k-dimensional simplicial complexes 
which do not embed in rk {76,78}. If this conjecture is true, then 
since the barycentric subdivision of a k-dimensional simplicial complex 
is (k+l)-partite, we would have the necessary example. Indeed, Wegner's 
conjecture seems very plausible. The topological details seem tedious 
but should not be terribly difficult. It even should be possible to 


prove the following somewhat stronger version: 


4.5.16 Conjecture. If K is a simplicial complex which does not embed in 
2k 
R 


with the additional property that the non-empty intersection of any of 


then BK is not the nerve of sets each of which is a cell in rk 


these cells is again a cell.D 
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In this section we consider multiple intersection representations 
for planar graphs. Perhaps the most impressive result in this field is 
the following theorem due to Thurston: 


Theorem (66). Every planar graph is the intersection graph of circles 
in the plane. In addition, one may assume that intersecting circles are 


tangent. 


Our main results are that planar graphs are intersection graphs of 
sets each of which is the union of 

èe three real intervals, or 

e two boxes in R?, or 

* two line segments in R?. 

The results concerning multiple interval representations of planar 
graphs are joint work with D.B. West [62] and are included here for 
completeness. 

We begin, in section 5.1, with a general discussion of planar 
graphs. Sections 5.2 and 5.3 concern multiple interval representations 
of planar graphs. Section 5.4 concerns multiple interval 
representations for graphs with given genus. Section 5.5 discusses two 
dimensional box representations and section 5.6 discusses two 


dimensional line segment representations of planar graphs. 
5.1 Facts About Planar Graphs 
Since planar graphs will be central to our discussion, we include 


here several theorems concerning planar graphs to which we shall refer 


in subsequent sections of this chapter. 
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5.1.1 Definition. A planar graph is a graph which has an embedding in 
lic plane. By a plane graph we mean a planar graph together with one of 
its embeddings in the plane. Although planar graphs may have several 
essentially different embeddings, a plane graph is a planar graph with 
one of those embeddings considered to be "standard". One cannot speak of 
a vertex on the unbounded fare of a planar graph, since the embedding is 


not specified, but one can discuss such notions for plane graphs. 


5.1.2 Definition. An outerplanar graph is a plane graph all of whose 
vertices are on the unbounded face. A vertex of a plane graph is called 
an outervertex in case it is on the unbounded face. (Thus an 
outerplanar graph is a plane graph all of whose vertices are outer.) A 


vertex of a plane graph is an innervertex if it is not an outervertex. 


The outer induced subgraph of a plane graph G is the induced 
subgraph on G's outervertices and is denoted 0G. If v is an outervertex 
of G its outerneighbors are those outervertices to which it is 
adjacent. Its other neighbors are called innerneighbors. 


5.1.3 Definition. An edge joining two outervertices is called external 
if it lies on the unbounded face; otherwise it is called a chord. 


5.1.4 Definition. The dual of a plane graph G is a graph G* for which 
there is a vertex for each face of G and these vertices are adjacent if 
and only if the corresponding faces share an edge. The weak dual of G, 
denoted wG, is the induced subgraph of G* formed by deleting the vertex 


corresponding to the unbounded face. 
5.1.5 Theorem [15]. Let G be a plane graph. G is an outerplanar graph if 


and only if wG is a forest. wG is a tree if and only if G is a 


2-connected outerplanar graph. 
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5.1.6 Definition. A leaf face of an outerplanar graph G is a face 


-- responding to a vertex of degree at most one in wG. 


5.1.7 Definition. A block of a graph is a maximal 2-connected induced 
subgraph of G. A cut vertex of a graph G is a vertex whose removal 
results in a graph having more connected components than G. 


The block graph of G, denoted bG, is a graph with a vertex for 
each block of G with two vertices being adjacent if and only if the 


corresponding blocks share a cut vertex. 


5.1.8 Theorem. If G is a graph, then bG is a forest and G is connected 
if and only if bG is a tree. 


5.1.9 Definition. A leaf block of a graph G is a block corresponding to 


a leaf (vertex of degree at most one) of pG. 


5.1.10 Definition. Let G be a graph. The genus of G, denoted 7(G), is 
the least positive integer g for which G embeds on an (orientable) 


surface of genus g. 

The next three results can be found in [1]. 
5.1.11 Theorem. TR =| (n-3) (n-4)/12] and TK, „)=j402-2) (m-2)] B 
5.1.12 Theorem. The Euler characteristic X and the genus g of an 


(orientable) surface are related by =2-2g. If T(G)=g then 
JE(G) {S3(|V(G)|-x). In case G is triangle-free, we can replace "3" by 


ott A 
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5.1.13 Theorem. Let g be a non-negative integer and n=!4(747(1448g))!. 
Then Ka is the largest complete graph with T(K a Moreover, if %(G)=g, 
then G is n-colorable ff 


5.1.14 Theorem. Let a(g)=max{T(G): %(G)=g}. (See §2.2.5 for the 
definition of arboricity of G, denoted T(G).) a(0)=3. For g>0, we have 
KES S alg) s 2+ [Y (38)] . 


Proof. Let G be a graph and let H be an induced subgraph such that 
n=|V(H)|, m=[E(H)|, and T(G)=[m/(n-1)} . (See Theorem 2.2.7.) 


Suppose G is planar. This implies H is planar, hence m<3n-6. Thus 
T(G)<{(3n-6)/(n-1)] s | (3(n-1)/(n-1)) - 3/(a-1)} < 3. Thus a(0)S3. 
Since the arboricity of Ks less an edge is 3 and k,-e is planar we see 
a(0)=3. 


Suppose %(G)=1. Since HSG, either 7(H)=0, implying T(H)S3 and thus 
T(G)$3, or else Y(H)=l. In the latter case mS3(n-0), so [m/ (n-1)] < 


[3n/(n-1)) = 3 + 3/(n-1)] = 4. Thus a(1)S4. Since T(K,)=1 and 


TCR7)= 137) =4, the theorem is verified for g=l. 


We now suppose g>1 and proceed by induction. We consider two 
cases: nS or n>3(74/(1+48g)). In the first case since H is a subgraph 
of K we know T(G) = T(H) $ T(K) = U < [2 (747 (14488) J} < 


è (8+ (488)) | = 2+ [V (38)] - 


Suppose n>$(7/(1+48g)). If TCH)<g then by induction 
T(G)=T(H)Sa(g-1). So we need only consider Z(H)=g. In this case 
m<3(n-(2-2g))=3n+t6g-6. Thus: 

m/(n-1) $ (3n+6g-6)/(n-1) = 

= 3(n-1)/(n-1) + (6g-3)/(m-1) = 
= 3 + (6g-3)/(n-1). 
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Since n > $(7+/(1+48g)) we have 
m/(n-1) $ 3 + (6g-3)/[3(5+V(1+48g))] = 
3 + (12g-6)/[54+V(1+48g)] = 
3 + [(128-6)(5-/(1+488))]/[25-(1+48g)] = 
3 + [6(2g-1)(5-/(1+488)) ]/[-24(28-1)] 
3 + 3(/(1+48g) - 5) = 
4 CTH (14+48g)) S 
2+ MS 


iA 


as required. 


Now if pe 474 (14488) |, then IK )=8- Also, TCK = 


UT > [46H (1468g))] 2 aV(48g) = V(3g). Thus alg) 


satisfies the stated bounds. 


5.1.15 Lemma (Pie-Slice). Consider a plane graph consisting of a 


chordless cycle VV” VV and two vertices u and w surrounded by 


this cycle. Let the neighbors of u be {v, ,v, ‚,...,v, } with i,<...<i_. 
i, i, i 1 p 
Let P, denote the path Vi WL ATS, (with subscript addition 


x j 3 j+ 
modulo n) for 1Sjsp. All of w's neighbors are contained in one of the 
aths P,. 
Pers) 
Proof. This is obvious from figure 5.1. We also give a formal proof. 
Suppose w had neighbors x and x' with x in path P, but not ín P: and x' 


in path P but not ín ES Recall that vi and Vi are the first 
j di 


vertices in these paths and both are adjacent to u. Choose a point z 


external to the cycle and join it by edges to x, x', vi and Vs oe 
j j' 


Since no vertices of our original plane graph are outside the v-cycle, 
this gives a new plane graph. See figure 5.2. However, also observe 
that this plane graph is homeomorphic to Ks (the "vertices" of the Ks 


being z, x, x', v, and vi ) which is impossible. 
1 


ij j 
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Figure 5.1 
gn a O OA | 


5.2 Three intervals Per Vertex: Necessity 


It is our aim in the next two sections to show that the maximum 
value of the interval number of a planar graph is three. In this section 


+ + 
we show that iK, Pel (K, 9922. 
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Figure 5.2 
Mes ma a ns Zee me al ir a u A ke ee are SC NE | 


5.2.1 Definition. Let G be a graph and let f be a t-interval 
representation of G. Let veV(G) and £(v)=I ul,u...ul, where the I; are 


pairwise disjoint real intervals and sSt. We assume Lelah) and 
a,<b,<. * en, Ld 

A broken end for vertex v is an endpoint of one of its intervals 
I, which is contained in no other intervals in the representation of G. 
The effective number of broken ends for vertex v, denoted ß(v), is the 


number of a,'s and b,'s which are broken ends, plus 2(t-s). We add 2(t- 


s) to the actual He of broken ends because one can always augment 
the representation by adding t-s additional intervals for v in an unused 
portion of the real line, adding 2(t-s) more broken ends. We denote the 
total number of broken ends in the representation by B*=IB(v), where the 


sum is over all veV(G). 
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5.2.2 Definition. Let G be a graph and let v and w be vertices of G with 
vw. Let f be a t-interval representation for G. We knew f(v)nf(w)#g. 
It is only required that one interval for v intersect one interval for 
w; any additional intersections are redundant. Define p(v,w) to be the 
number of extra times intervals for v intersect intervals for w. [In 
case v and w are not adjacent, put p(v,w)=0.) Define the redundancy of 


vertex v by p(v)=Zp(v,w) with the sum over all weV(G). Put p*=Ep(v). 
5.2.3 Proposition. p* and B* are even. 


Proof. Real broken ends come in pairs; every right broken end "faces" a 


left broken end (see figure 5.3) except the very leftmost and the very 
CG EE E | 


| | 
| | 
| Figure 5.3 | 
nennen 


rightmost, which also form a pair. Thus ß* is even. 


Concerning p* we know p*=Z p(v)=Z EP (VW). Since p(v,v)=0 and 


p(v,w)=p(w,v) it is immediate that p* is even. 


5.2.4 Proposition. The total number of nonempty intersections between 


pairs of intervals in a t-interval representation of a graph G is 
JE(G)| + dp*. 


a 


Proof. Every vertex v has intervals which make k(v) intersections with 
other intervals. By definition, k(v)=d(v)+p(v). Thus Zk(v)=2|E(G) |+p*. 


Since Ek(v) counts every intersection twice, the result follows. 
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5.2.5 Proposition. If G is a graph on n vertices with a depth-2 t- 
..-crval representation f, then |E(G)| = nt - 3(B*+p*). 


Proof. We assume that f(v) is the union of t disjoint intervals. [If 
not we can always add additional intervals in an unused portion of the 
real line. This affects neither ß* nor p*.] Let Ij toed, be the 
intervals in f labeled in increasing order of left endpoints. 


Count the total number of intersections among these nt intervals. 
In a depth-2 representation, each I, meets at most one interval with 
lower subscript; otherwise the left endpoint of I, is contained in two 
other intervals, violating depth-2. Thus each interval V meets 0 or 1 
intervals of lower subscript depending precisely on whether or not its 
left endpoint is broken. Since every intersection of intervals pairs one 
interval with a second of lower subscript, the number of intersections 
between pairs of intervals is nt-4ß*. However, in 5.2.4 we saw that this 
same quantity equals |E(G)|+3p*, thus [E(G)|=nt-3(p*+8%).E 


5.2.6 Proposition. Given a displayed (see 82.1.14) t-interval 
representation of a graph G and a vertex v we have 

p(v)+B(v)+d(v) > t. 
In case the representation need not be displayed we have 

p(v)+B(v)+d(v) 2 t. 


Proof. In case p(v)+B(v)>t we are done, so assume p(v)+ß(v)St. Recall 
that the number of intersections between intervals assigned to v and 
other intervals is p(v)+d(v). Let j=t-p(v)-d(v). If j<O then we are 
done, so we assume j20. Thus there are at least j intervals for v that 
intersect no other intervals (or do not appear in the representation). 
Thus B(v)22j. Since p(v)=t-d(v)-j we get 

B(v)+p(v) 2 2j+(t-dlv)-j) = j+t-d(v), or 

B(v)+p(v)t+d(v)2t+j2t, 
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giving the latter part of the proposition. In case the representation is 
displayed we are also done unless j=t-p(v)-d(v)=0 and B(v)=0. However, 
in this case there are exactly t intersections between intervals for v 
and other intervals. No interval for v is unused (or fails to intersect 
another interval) for then B(v)22. Thus v is assigned t disjoint 
intervals, each of which intersects at least (and hence at most) one 
interval. Thus all t intervals must be wholly contained in the interval 
which they intersect. It follows that vertex v is not displayed, 
contrary to supposition.§ 

5.2.7 Theorem. i(k 9 
the interval number for planar graphs is at least three. 


)>2. Since K; 9 is planar, the maximum value of 
> 


Proof. i(K’ .)=i*(K, „) by 82.1.16. Suppose i*(K, „)=2 and form a 
2,9 2,9 2,9 
2,9° Since Ka 9 
free, such a representation is necessarily depth-2. Now each of K, 9 5 
9 
nine vertices of degree two must satisfy p(v)+B(v)+d(v)>2, or 
e(v)+B(v)>0. Thus p*+ß*29. By 85.2.5 we know 


ECK, g)| = 2IVCK, 91 - +(p*+8*) 


displayed 2-interval representation for K is triangle- 


or 
18 = 2(11) - $(p*+B*) < 22 - 49 = 17.5. 
This contradiction implies (R, 159, or iK) DR 


5.3 Three Intervals Per Vertex: Sufficiency 


We show in this section that if G is a planar graph then i(G)s3. 
We derive this by induction, however our induction hypothesis is rather 
involved. The main idea in the proof is that plane graphs have a 
displayed 3-interval representation in which outervertices are assigned 
at most two intervals per vertex. Then as additional vertices are added 
to the graph, outervertices become innervertices and the additional 


interval now permitted allows flexibility in forming necessary edges. 
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Numerous technical assumptions must be placed on the representation of 
the graph in order for this idea to work. We begin by presenting these 
assumptions. Note that we assume in our approach that the plane graph G 
is connected; this results in no loss of generality since if the 
interval number of each component of a graph is at most three, clearly 
the interval number of the graph is at most three. 


5.3.1 Definition. Let G be a connected plane graph. A root for G is an 
outervertex which is not a cut vertex of the outer induced subgraph oG. 
A rooted plane graph is a pair (G,z.) where G is a connected plane graph 


and ze is a root. 


The rooting of a connected plane graph G induces a rooting of the 
tree boG; the root of boG corresponds to the block of oG containing the 


root vertex. 


5.3.2 Definition. Let (G,z,) be a rooted plane graph, and let H be a 
block of 0G. The entry vertex of H, denoted z(H) is the first vertex of 
H encountered in any path in G from Z, to H. In case z,eV(H), clearly 
z(H)=z,. Otherwise, z(H) is the cut vertex of oG belonging to H closest 
to ze. Edges of H containing z(H) are called entry edges. See figure 
5.4. 


5.3.3 Definition. Let (G,z,) be a rooted plane graph and let H be a 
block of oG. The fan of H, denoted F(H), is an induced subgraph of H on 
those vertices which are in faces containing z(H). See figure 5.5. 
Notice that the fan of H consists of all the entry edges of H and a path 
containing the outerneighbors of z(H) in H. However, not all vertices 


in F(H) are necessarily adjacent to z(H). 
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5.3.4 Definition. Let G be a connected plane graph, let xy be a chord of 


G, 


Observe that G-x-y is not 


and let u,z be two other vertices. 
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connected. If u and z are in the same connected component of G-x-y then 
u is said to be on the z-side of xy. Otherwise u is said to be on the 
anti-z-side of xy. 


We now direct our attention to properties our representation will 
have. 
5.3.5 Definition. Let G be a plane graph and let 8:00) —2R be an 
intersection representation for G. We say that f is a multiple interval 
representation for G is f(v) is always a finite union of intervals for 
all veV(G). We say that f is a displayed 2/3-interval representation (or 
2/3-representation for short) for G provided: 
(1) for each outervertex v, f(v) is the union of (up to) two 
intervals, 
(2) for each innervertex v, f(v) is the union of (up to) three 
intervals, and 
(3) for each vertex v, f(v) contains a nonempty open set (known as 
the displayed portion for v) which does not intersect any 
f(w) for wtv. 


5.3.6 Definition. Let G be a plane graph and let f be a multiple 
interval representation for G. Let xyeE(G). We say xy is displayed in 
f provided f(x)nf(y) contains a nonempty open set (known as the 
displayed portion for xy) which does not intersect f(w) for all 
weV(G)-{x,y}. 


5.3.7 Definition. Let (G,z,) be a rooted plane graph, let f be a 
2/3-representation, let xy be an edge of oG which is not an entry edge, 
let H be the block of oG containing xy, and let b be an endpoint of an 
interval in f(x). We say that b is a reusable endpoint for xy provided 
either: 

(1) b is a broken end (i.e. not contained in any other interval), 
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or 
(2) b belongs to f(u) for exactly one other vertex ueV(H) (ufx, 
ufy) where ux is an external edge of G and u is on the anti- 
z-side of xy. 
In the latter case we say u covers b. 


An assignment of reusable endpoints is a function E:E'—R where 
E'CE(oG) and if &(xy)=b then b is a reusable endpoint for xy. (Thus 
bef(x)uf(y).) Such an assignment is called proper if: 

(1) E' = {those edges of oG not displayed in f}, 

(2) E is one-to-one, 

(3) no outervertex u covers more than one E(xy) for xyeE', and 


(4) if xyeE' and xy is external then E(xy) is a broken end. 


5.3.8 Definition. Let (G,z,) be a rooted plane graph and let f be a 
multiple interval representation for G. We say that f is a P-special 
interval representation provided: 

(1) £ is a displayed 2/3-interval representation for G, 

(2) every entry edge of oG is displayed, and 


(3) there is a proper assignment, 5, of reusable endpoints. 


5.3.9 Theorem [62]. If (G,z,) is a rooted plane graph then G has a P- 


special interval representation. 


Proof. We proceed by induction. The theorem is trivial in case 
V(G)={z,}. Assume |V(G)|22 and that the theorem is true for all graphs 
with fewer vertices. Let H be a leaf block of oG. We assume z, is not a 
vertex of H unless H is the only block of oG. Let z=z(H). Either H=F(H) 
or H>F(H). In either case we will delete one or more vertices of H and 
form a P-special interval representation for the resulting induced 
subgraph of G. We then show how to augment this representation to one 


for G. 
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Case I: H=F(H) 


This case is illustrated in figure 5.6. Label the vertices of H 


2 “v vs Yp-1 Ypi 
Figure 5.6 


as ZV V2 + Vk in order on the external face. Let Via =" In case 
Kel we see that H consists of a single edge. Form a P-special interval 
representation f for G-v,. We extend f to G by assigning two intervals 
to vj: one in an unused portion of the line and the other in the 
displayed portion of z. Observe that, so extended, f forms a P-special 


interval representation for G. 


In case k>1 we observe that dv, ded, (v )=2 and d,(v,)=2 or 3 for 
I<i<k. Let p=min{i: 2SiSk, dy LY 1521 - Let Wey: Yp Form a P- 
special interval representation f for G-V. We modify f to form a P- 


special representation for G as follows (see figure 5.6): 


- 131 - 


Intersection Representations for Planar Graphs 85.3.9 


For each veV we assign two interval. For Yan place one 
terval each in a disjoint fashion in the displayed portion for z. 
Place one interval for Yp in the displayed portion for var Also, for 
the vertices in V, place a second displayed interval for each in an 
overlapping consecutive fashion as shown in figure 5.6. Observe that 
all edges zv; and ViVa for 1SiSp are displayed. We must also represent 
edges between V and innervertices of G. Let w be an arbitrary 
innervertex of G adjacent to one or more vertices in V. Since w is an 
outervertex of G-V we know that f(w) is the union of two intervals. We 
may therefore assign a third interval for w in G's representation. 
Notice that w cannot be adjacent to two nonconsecutive vertices in V; 
were w adjacent to V and v with i<j-1 then one of the edges wv, or aE 
would cross WV iad? violating planarity. Thus w is adjacent to at most 
two vertices in V and those vertices must be consecutive. If w is 
adjacent to one Vy: place a third interval for w in the displayed 
portion of v,. In case w is adjacent to v; and v,,,, place w's third 
interval in the displayed portion for edge YV: Repeating for all 
such vertices w, we claim we arrive at a P-special interval 
representation for G. Observe that chords of G-V that are not chords of 
G may now not have reusable endpoints, but they do not need them. The 
representation of vertices and edges of oG not in H are not affected by 
our emendations. One easily verifies that G now has a P-special 


representation. 
Case II: H>F(H) 


Choose a leaf face C of H which does not contain z; since H>F(H) 
this ís always possible. There is a unique chord of H between this leaf 
face and the rest of H; call this chord xy. (See figure 5.7.) We 
consider two cases: (a) C is a triangle, or (b) C has 4 or more 


vertices. 
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Subcase Ila: C is a triangle 


The vertices of C are {x,y,v} where d,(v)=2. Form a P-special 
interval representation for G-v. Now edge xy of G-v may either be 
displayed or have a reusable endpoint. In case xy is displayed we assign 
two intervals to v: one in the displayed portion of xy and a second in 
an unused portion of the real line. (See figure 5.7.) Observe that xy 


CED 


| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 


Figure 5.7 
i es | 
is still displayed but xv and yv are not. We assign the left endpoint 
of the second interval as a reusable endpoint for xv and the right 
endpoint to yv. Since v is on the anti-z-side of xy and since both 
endpoints are broken this extension of the assignment of reusable 
endpoints for G is still proper. Now v may have innerneighbors w in G 
which were outer in G-v. We therefore assign a third interval to each 
such w in v's displayed portion, completing the P-special interval 


representation for G. 
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We must still consider the case when xy is not displayed but 
rather assigned a reusable endpoint b which we may suppose is an 
endpoint of an interval for x. Suppose b is covered by u. Now xu is an 
external edge in G-v but since u, like v, is on the anti-z-side of xy we 
see that u becomes an innervertex in G. We therefore split the interval 
for u covering b in two exposing b. (See figure 5.8.) We now place one 
interval for v containing b in its interior as shown and a second 
interval in the displayed portion of y. See figure 5.8. 
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Figure 5.8 


Observe that edges xv and yv are displayed. Edge xy still has b as 
its reusable endpoint, only now v is its cover. Finally we consider the 
innerneighbors of v. If v~u we may overlap intervals for u and v as show 
by the square brackets in the figure. Since the other innerneighbors 
were outer in G-v, we may assign a third interval for each in the 
displayed portion for v. This gives a P-special interval representation 
for G. In case b was a broken end, simply ignore all mention of u in the 


above argument. 


Subcase IIb: C is a chordless cycle with at least four vertices 
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Let the vertices of C be (in cyclic order): Ko Vg eVg ee C KVK Vegi Ve 
“tere xy is the chord and all other edges are external. Let f be a P- 
special interval representation of G-{v,,v2}. To obtain a P-special 


interval representation for G proceed as follows: 


(1) Assign v, an interval in the displayed portion for x and assign vz 
an interval in the displayed potion for vs. 


(2) This step depends on how xy is represented in f: 


(2a) Edge xy is displayed or its reusable endpoint is a broken 
end: Place overlapping displayed intervals for v, and v, in 
an unused portion of the real line: Assign intervals for 
the remaining innerneighbors of v, and va in the displayed 
portions for Vi, V2, Or ViV2 depending on which of {v;,v2} 


the innervertex neighbors. 


(2b) Edge xy's reusable endpoint is bef(x): The covering vertex 
u is outer in G-{v,,v,}, but inner in G sin ceC is a leaf 
face without chords. Hence there is now an extra interval 
available for u; we split the interval for u to expose b. 
Place overlapping intervals for v, and va in the gap between 
b and the new broken end for u, with the interval for v, 
covering b. See figure 5.9. If either v, or v, is adjacent 
to u, extend the appropriate interval to create the optional 
overlap indicated by square brackets in figure 5.9. Assign 
intervals for the remaining innerneighbors of v, and v, in 
the displayed portions for vj, V2, Or ViV2 depending on 


which of {v,,v2} the innervertex neighbors. 


(2c) Edge xy's reusable endpoint is bef(y): If k=2 we 


interchange the roles of x and y and proceed as in step 
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2] va sap Va 


V3 


Figure 5.9 


(2b). Suppose k>2. If um, we may proceed as in step (2a) 
with Vk continuing to cover b. If HEV, then ít must be an 
innervertex in G. If u is not adjacent to both v, and vz 
then split the interval for u in order to expose b. 
Intervals for v, and v, are place as in figure 5.10 
depending on which one (if either) is adjacent to u. Assign 
intervals for the remaining innerneighbors of v, and v, in 
the displayed portions for v,, v2, Or viv, depending on 


which of {v,,v2} the innervertex neighbors. 


In case u is adjacent to both v, and v2 we have a 
problem. In this special case let x'=y, y'=x and Vi Viia 
(we are reversing the roles of x and y). We now start over 
from step (1). No problem arises unless, again, we arrive 
at this case with edge x'y' having reusable endpoint 
b'ef(y')=f(x) and b' is covered by innervertex u' with u’ 


adjacent to both v,' and v2", i.e., u' is adjacent to x, Vk 
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u Tage): [> 
Fu 


V2 (vi) 


Figure 5.10 
and v,_,- We claim this is impossible. We know that y-u-v, 
and Xu vj with vi vj and both u and u' internal to cycle 


C. The pie-slice lemma implies u=u', but then edge uy is not 
an external edge of G-{v;,v2,} as required by 5.3.7. 


It is now routine to verify that we have constructed a P-special 
interval representation for G. Vertices v, and va and external edges 
XV}, VVS and v2v; are all displayed. Edge xy is displayed or assigned a 
reusable endpoint as it was in +. 


5.3.10 Corollary. If G is a planar graph, then i(G)S3 and this bound is 
best possible. 


5.3.11 Corollary. If G is an outerplanar graph, then i(G)S2 and this 
bound is best possible. 


5.3.12 Theorem. If G is a planar graph and r23, then i (G)s3 and this 
bound is best possible. 
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Proof. Since G is planar it contains no K,, hence if r24 we know 
„.rile). In case r=3 we observe that in the proof of 5.3.9 that the 
P-special interval representation has depth-3.} 


5.3.13 Theorem. If G is planar, then i,(G)S4 and this bound is best 
possible. 


Proof. We saw in 85.1.14 that planar graphs G satisfy T(G)S3. Thus by 
2.2.6 i2(G)S4. To show that 4 is the best possible bound, consider the 
planar graph G shown in figure 5.11. Observe that G has 22 vertices and 
60 edges with 13 vertices of degree 3. Suppose if (6)s3, i.e. G has a 
displayed 3-interval depth-2 representation. By 5.2.6, each vertex v of 
degree 3 satisfies p(v)+B(v)>0, hence p*+B*213. By 5.2.5 we have 

JE(G)| = nt-3(B*+p*) <S 3(22)-4(13) = 59.5. 
But |E(G)|=60, hence it (G)24, thus ia (G*)24. Since Gt is planar, the 
proof is complete. 


5.4 Maximum Interval Number of Graphs with Given Genus 


In this section we extend the results of sections 5.2 and 5.3 by 
considering the maximum value of the interval number of graphs with 


fixed genus. 
5.4.1 Theorem. If T(G)=g then 1(G)S3+|/ (38) |. 


Proof. By 5.3.10 this is correct when 7(G)=0. If %(G)>0 then by 5.1.14 
T(G)<2+ |Y (38) - Hence by 2.2.6 i(G)Sia (G)S3+ (38) | A 


sup{i (G): ¥(G)=g}. For g>0 we have 


u 


5.4.2 Theorem. Let i,max(g) 


141/638) S igmax(g) S$ 3+ iv (3g) | - 
Proof. The upper bound follows from the proof of 5.4.1 and the lower 
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bound follows from 5.1.14 and 2.2.9. 


5.4.3 Theorem. Let imax(g) = max{i(G): T(G)=g}. Then we have the 
following: 
vg Z imax(g) < 3+/(38)]- 


Proof. The upper bound follows from 5.4.1. For the lower bound let 


r=l242/g| and let Gek. By 5.1.11 %(6) = UN s 


141 (2+2V8)-2]?) = g. Since imax is clearly non-decreasing, 
i(G)Simax(g). Now i(G) is given by 
i(G) = i(k, ,) = 


= [(?+1)/ (2r) | 2 
2 r= 
= 424278) 2 
2 vg. 
This completes the proof. 


5.5 Multiple Box Representations of Planar Graphs 


In this section we show that every planar graph has an 
intersection representation by sets each of which is the union of two 
boxes in the plane. (Recall from §1.1.16 that a box in R? is a closed 
rectangle with sides parallel to the coordinate axes.) In other words, 
if G is planar, then Ge2(2B*). This result is best possible since 
K(2,2,2) is planar, but b(K(2,2,2))>2 implying K(2,2,2) is not in 
2(B*). 


Our approach is similar to the proof that i(G)S3 for planar G. We 


will assume that outervertices are assigned only one box each and that 


external edges have a special representation. 
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5.5.1 Definition. Let G be a graph. A planar multiple box representation 
avs G is a function £:V(6) 2" satisfying: 
(1) f is an intersection representation for G, and 
(2) for all veV(G), f(v) is the union of finitely many boxes in 
R?. 


5.5.2 Definition. Let f be a planar multiple box representation for a 
graph G. A vertex v of G is displayed in this representation provided 
there is an open disc centered at a point on the boundary of f(v) which 


does not intersect f(w) for any vertex wv. 


Let xy be an edge of G. Observe that f(x)nf(y) is the union of 
boxes in an obvious manner. We say edge xy is displayed if there is an 
open disc centered at a corner of f(x)nf(y) which is divided into four 
90° sectors: one which meets f(x) only, one which meets f(y) only, one 
which meets f(x) and f(y) only, and one which meets no f(w) for any 
vertex w. See figure 5.12. The edge is called doubly displayed if it 


| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 


Figure 5.12 
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has two such discs which are disjoint. 


5.5.3 Definition. Let f be a planar multiple box representation for a 
plane graph G. We say f is a P-special planar box representation for G 
provided: 

(1) if v is an outervertex of G, then f(v) is a (single) box, 

(2) if v is an innervertex of G, then f(v) is the union of (at 

most) two boxes, 

(3) all vertices are displayed in f, 

(4) all external edges are displayed in f, and 

(5) if xy is an external edge and also an isthmus, then xy is 


doubly displayed. 


We prove that all planar graphs are in 2(2B?) by induction on the 
number of vertices. Indeed, we prove a stronger statement: Every planar 
graph has a P-special planar box representation. We need one additional 


concept for the proof: 


5.5.4 Definition. Let Bo» B, Bo» a B, be planar boxes with t23. 
These boxes form a staircase arrangement framed by B, and B, if they 
are arranged as in figure 5.13. The key property of this configuration 
is that each B i with 2SiSt has Bo“ and B, -clearance by which we mean we 
can extend B, to the left [resp. downward] to meet B, [resp. By] without 
forming any new intersections. This is because the lower right hand 
corner of B, is above and to the left of the upper left hand corner of 


B; for 3Sist-1. 


Naturally the orientation of this arrangement is not important and 


we may have a mirror image of this configuration. 
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Figure 5.13 


5.5.5 Theorem. If G is a plane graph, then G has a P-special planar box 


representation. 


Proof. Let G be a plane graph. The result is obvious if G is a single 
vertex, so we assume that the theorem is true for all plane graphs with 
fewer than |V(G)| vertices. We may assume G is connected since if it 
were not, each of its components would possess a P-special planar box 


representation. 
Suppose oG has a vertex v of degree 1. Form a P-special planar box 
representation f for G-v. Let w be v's neighbor in G. Since w is an 


outervertex it is displayed in f. We can add a box for v to this 
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representation by having it meet w's box in its displayed portion (see 
"0-0 5.14). Notice that both v and w are now displayed and that edge 
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vw, an external isthmus, is doubly displayed. 


(Notice that the above paragraph proves that the boxicity of a 
tree is at most two since every tree has a vertex of degree one whose 


removal gives a tree with fewer vertices.) 


Suppose oG has no vertices of degree 1. As in the proof of 5.3.9 
we can find a face C of oG in which all but two of the vertices have 
degree 2. Let the vertices of C be Vor Yp cree Vk with A = for 
122. Now C is a face of oG and may bound more vertices. Let H denote the 
plane graph induced on those innervertices of G bounded by C. Let G' be 
the induced subgraph of G formed by deleting {vs «> VK }UV(H) from 
V(H). Form a P-special planar box representation f for G'+H. (Note 
that G'+H need not be an induced subgraph of G, since some vertices of H 
may be adjacent to ve or vj.) Observe that v,v, is an external edge of 


G'+H and is therefore displayed; and in case vav is also external in G, 
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then it is an external isthmus of G'+H and therefore doubly displayed. 


We will use one displayed portion of v,v, in reconstructing the 
cycle C. Some outervertices of H may be adjacent to vertices of C. 


However, we may assign a second box to each to form these edges. 


We consider two cases: k=2, i.e. C is a triangle, and k>2. 
Although one could consider the k=2 case as a special instance of the 
more general setting, we believe this separation into separate cases to 


be more enlightening. 
Case I: k=2 (C is a triangle). 
Our first step in extending f is to assign a box for v, contained 


in the open disc guaranteed by vev,'s being displayed. See figure 5.15. 
We place this box so that it contains in its interior the corner of 


En mn mem mas me be m did e m s ee 
| rees m m e eee 


Figure 5.15 
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f(v,)nf(v,) that is the center of this disc. Notice that edges Yaya 
and v,v, are displayed. If edge v,v, needs to be displayed in G, it was 
previously doubly displayed and no problem arises. 


Now outervertices of H may be adjacent to one or more of 
{ve,Vi,V2}- Since all vertices of H are inner in G we may assign to each 
an additional box. Notice that each of flv) (E (v AR 
(ECNE Cv) ECV) and f(v INEC nfv) with {i,j,k}={1,2,3} contain 
open sets which do not meet any other boxes. Thus if weV(H) is 
adjacent to any of vj, V2, V, we can place a second box in one of the 
aforementioned open sets to form the appropriate adjacencies. One now 
checks that we have constructed a P-special planar box representation 
for G. 


Case II: k>2. 


In this case we form the edges for C by constructing a staircase 
arrangement framed by f(v,) and f(v,) with new boxes for Vaste -Vk 
forming the "stair" portion. This is done within the displayed disc for 
edge v,v,. See figure 5.16. Notice that all edges VV sai with 1Sisk 
and vvo are displayed. If edge v,v, needs to be displayed in G then 
Vov, was doubly displayed in G' and we still have a displayed "site" not 
yet used. We now show how, using the extra box available for each 
outervertex of H, to form edges between vertices in H and vertices in C. 
Suppose there are n such vertices in H. We show, in a recursive manner, 
how a second box for each of these n vertices can be placed into the 
staircase structure to form the appropriate edges. In case n=0 we are 


done. In case n>0 we proceed as follows: 
© Some vertex u in H is adjacent to exactly one vertex in C: In 
this case we assign u's second box completely contained in the interior 


of the box for its neighbor in C meeting no other boxes. Repeat for all 
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such vertices. 


© Some vertex u in H is adjacent to exactly two consecutive 
vertices of C: In this case we assign u's second box completely 
contained in the interior of the intersection of the boxes of its 
consecutive neighbors in C, meeting no other boxes. Repeat for all such 
vertices. All remaining vertices in H meet two non-adjacent vertices of 
C. 


° Some vertex u in H meets two non-adjacent vertices in C: In 


this final case we suppose u meets {v. ,v, ‚„...,v, } with 
i, i, i 


1<i <i Fer: (u may be adjacent to v, and/or v, as well.) Please 


12 0 1 

refer to figure 5.16. We place a thin box for u intersecting Vi and 
2 

extending downward: if u-v, extend u's box down until it just penetrates 

the box for vo. Otherwise the bottom side of u's box should be below the 


box for v -1 but above the box for v This thin box should be to 


i 


p =. 
the right to the box for v 


1 and to the left of the box for v 


ij= i,+l' 


Next extend the boxes for Vy sceeaV, to the left until they just 


2 P 
penetrate into the box for u. Now if u~v, extend u's box to the left 


until it just penetrates into the box for v,. One checks that u's box 
intersects exactly those boxes for vertices in C that it is supposed to 
intersect. Further, by the "pie-slice lemma” (§5.1.15) we can consider 
each "slice" of C separately for the remaining vertices in H. Notice 
that each "slice" gives rise to a staircase arrangement: For example 


U,V; Y v is a staircase framed by u and vi . Also, if 


$ s.. 3 + 
an NTE jt 


vu, then Va Y2> V, ‚u is a staircase, otherwise 
1 
ViVa» e eVi HY Vi A55: Vo VO is a staircase. In every case, 
1 


further vertices of H (which are adjacent to two non-consecutive 
vertices in C) can be represented by adding a second box into the 
appropriate staircase structure. This may result in more and more 


staircases, but each time we add a vertex, the pie-slice lemma assures 
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Figure 5.16 


L 


us that we need only insert into and modify only one of the staircases. 


In the end we have a P-special planar box representation for G.$ 
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5.5.6 Corollary. If G is an outerplanar graph, then b(G)<2.]J 


5.5.7 Remark. We saw in the proof that the boxicity of a tree is at most 
two. Since the arboricity of a planar graph is at most three, we have 
an easy proof that every planar graph is in Q(3B°). 


For higher dimensions we know all planar graphs are in 2(2B°) for 


all d22. However, we posit: 
5.5.8 Conjecture. If G is planar, then b(G)<3.0 
5.6 Multiple Line Segment Representations of Planar Graphs 


In this section we show that every planar graph is the 
intersection graph of .sets each of which is the union of two line 
segments in R?. In other words, if G is a planar graph, then GeQ(2LS7). 
As in previous proofs we proceed by induction with a somewhat elaborate 


induction hypothesis. 


5.6.1 Definition. Let G be a graph. A planar multiple line segment 
representation for G is a function £:v(G) 2" satisfying: 
(1) f is an intersection representation for G, and 
(2) for all veV(G), f(v) is the union of finitely many closed 
line segments in R?. 


5.6.2 Definition. Let f be a planar multiple line segment representation 
for a graph G. A vertex v of G is displayed in this representation 
provided there is an open disc centered at a point of f(v) which meets 


no f(w) for any wv. 


Let viv, be an edge of G. We say that this edge is displayed in 
this representation if there exist distinct points x,e€f(v,), i=1,2, and 
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a positive real number e so that the e-neighborhood N of the line 


seguent joining x, and x, satisfies: 
(1) Nn£(v,) is an open line segment, i=1,2, and 


Figure 5.17 


(2) Nnf(w)=§ for Nv: i=1,2. See figure 5.17. 


5.6.3 Definition. Let f be a planar multiple line segment representation 
for a plane graph G. We say that f is a P-special planar multiple line 
segment representation if: 
(1) if v ís an outervertex of G, then f(v) is a (single) line 
segment , 
(2) if v is an innervertex of G, then f(v) is the union of (at 
most) two line segments, 
(3) all vertices are displayed in f, and 
(4) all edges of oG are displayed in f. 
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5.6.4 Definition. Let bas has «> s b be planar line segments. We say 


these line segments form a comb arrangement provided they are arranged 
as in figure 5.18. The defining property of this arrangement is the 


| | 
| | 
| | 
| | 
| | 
| | 
| L | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 


Figure 5.18 
NE | 
interaction zone (denoted Z in the figure) which has the property that 
the right endpoints of Las- ob, can be extended right into the 
interaction zone without forming new intersections. Although the line 
segments in the figure are drawn parallel and horizontal, neither of 


these properties is necessary for our definition. 


5.6.5 Theorem. If G is a plane graph, then G has a P-special planar 
multiple line segment representation, hence Ge2(2LS?). 


Proof. Let G be a plane graph. If G is a single vertex the result is 


obvious and so we assume the theorem is true for all plane graphs with 


fewer than |V(G)| vertices. As usual, we may assume G is connected. 
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Suppose oG contains a vertex v of degree 1, and let w be its 
neighbor. Let f be a P-special planar multiple line segment 
representation for G-v. We extend f to be a representation for G by 
assigning to v a short line segment which intersects w and is contained 
in w's display disc as in figure 5.19. One checks that this gives a P- 


special planar multiple line segment representation for G, so we may now 
a ee E se 


| | 
| | 
| | 
l | 
| | 
| Figure 5.19 | 


ee 


assume oG has no vertices of degree 1. 


As in the proof of 5.3.9 and 5.5.5 we can find a leaf face C of oG 
with vertices Vo Y1? tt «Vy (where k22) so that T for 2<isk. Let 
f be a P-special planar multiple line segment representation for 
G'=G-{v,,..-,V,}. We use the e-neighborhood N which spans from f(v,) to 


f(v,) to reconstruct the cycle Vo’ Y Nas > > > Vk as shown in figure 5.20. 


Observe that WIE.) form a comb arrangement with 
interaction zone Z, as shown. Notice that all vertices vi and all edges 
ViVi4, are displayed. Vertices internal and adjacent to cycle C are 
outervertices in G' and we may assign a second line segment to each in 


extending f to G. 


Let u be contained within cycle C and adjacent to either one Vi 
with 2SiSk or to two such adjacent vertices. Note that we need not be 
concerned if u ís adjacent to either v, or v, since these vertices are 


in G'. One assigns to u a second line segment as shown in figure 5.21. 
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Figure 5.20 

CŘ 
We may therefore assume all remaining innervertices adjacent to 

vertices on C meet Vi and Y) with 2Si<j-1. Let u be such a vertex and 


let Ca = {v,:uw, and i22) = re } where Eden: Extend 


the line segments for the vertices in Ca partially into the interaction 
zone and place a second segment for u as shown in figure 5.22. The 
second segment for u may extend to meet the segment for Vk in case uV: 
Observe that 


edna ane ea and 


tv, IA (vj) and 


ijt) 
ev, IE; de lv, and ... 
and ... and 


f(v; ),£(v, zi) ICH ) 
p-1 p-1 P 
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Figure 5.21 
ES Een 
all form comb arrangements. The pie-slice lemma assures us that any 
second vertex u' which meets vertices in C can have a second line 
segment appended to the representation using one of the aforementioned 
combs. Recursively continuing in this fashion (see figure 5.23) we form 


a P-special planar multiple line segment representation for G.B 
5.6.6 Corollary. If G is an outerplanar graph, then GeQ(LS*).§f 
5.6.7 Remark. It is unknown if Theorem 5.6.5 is best possible. It is not 
known if there exists a planar graph which requires two planar line 


segments per vertex in order to be represented, or if all planar graphs 
are in 2(LS?). 
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Figure 5.22 
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